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Abstract

Collective behavior of compressible gas bubbles moving in an inviscid incompressible fluid is studied. A kinetic approach
is employed, based on an approximate calculation of the fluid flow potential and formulation of Hamilton’s equations for
generalized coordinates and momenta of bubbles. Kinetic equations governing the evolution of a distribution function of bubbles
are derived. These equations are similar to Vlasov's equations. Conservation laws which are direct consequences of the kinetic
system are found. It is shown that for a narrowly peaked distribution function they form a closed system of hydrodynamical
equations for the mean flow parameters. The system yields the analogue of Rayleigh—Lamb’s equation governing oscillations
of bubbles. A variational principle for the hydrodynamical system is established and the linear stability analysis is performed.
O 2002 Editions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

The motion of a system of compressible bubbles in a fluid is often modeled through averaged equations. The derivation of
these equations is the subject of numerous publications. Various models of this type, differing in additional terms in equations,
which describe interphase interactions and account for real effects are discussed in monographs by Nakoryakov et al. [19],
Nigmatulin [20], Drew and Passman [5] and references therein. Application of the averaging method leads to the difficulties
associated with unclosed system of equations. To avoid these difficulties, additional effective equations are used. Most common
is to consider the equations for the motion of a single bubble in a fluid as closing constitutive relations (e.g., see lordansky [12],
Kogarko [14], van Wijngaarden [30], Lhuillier [16]).

Other approaches use the methods of statistical physics developed for description of many particle systems. In papers by
Biesheuvel and Gorissen [1], Sangani and Didwania [24], Zhang and Prosperetti [33,34], Bulthuis et al. [3], Kok [15] and others,
effective hydrodynamical equations and constitutive relations were derived by ensemble averaging.

Kinetic models which give the description of bubbly flows in terms of the one-particle bubble number distribution function
have been developed in some recent papers. When the bubbles are considered as rigid massless balls, systems of kinetic
equations have been derived by Russo and Smereka [22], Herrero et al. [11] and Jabin and Perthame [13]. Yurkovetsky
and Brady [32] have studied the dynamics of bubble clustering. Teshukov [25] has derived an approximate kinetic model
for the case of compressible bubbles. Some of the systems of equations obtained are similar to Vlasov's equations used to
describe plasma flows. In the derivation of these equations, Hamilton’s ordinary differential equations describing the motion of
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a collection of bubbles are employed. The statistical approach can, in principle, give certain basic relations that are postulated
on a phenomenological level.

The aim of the present investigation is to derive kinetic and hydrodynamical systems of equations describing the motion of
compressible gas bubbles in an inviscid incompressible fluid. We focus on the case of an ideal fluid because such a consideration
gives the structure of nonlinear terms for more complicated models.

Outline of the article is as follows. In Section 2 we formulate the system of Hamilton’s equations for generalized coordinates
of spherical bubbles (spatial coordinates of the centers and radii) and the corresponding impulses. This system is easily written
if the potential of the irrotational fluid flow in the region between the bubbles is known. For approximate calculation of the
potential, we use an asymptotic expansion of the solution of the Laplace equation in the small parameter — the ratio of the mean
radius of the bubbles to the mean distance between them. The Lagrange equations describing the evolution of the bubble system
follow from the law of conservation of energy. By a standard transformation, these equations are transformed to Hamilton’s
equations. In Section 3 we write the Liouville equation férparticle distribution function, average this equation over the
coordinates and momenta &f— 1 particles, and obtain the analogue of Vlasov’s equations for the single-particle distribution
function. A hydrodynamical interpretation of equations derived is presented in Section 4. Conservation laws following from
the kinetic model are given in Section 5. Here we introduce important average parameters such as the total momentum and the
total energy of the gas—liquid system. Hydrodynamical models giving a description of a class of particular solutions of kinetic
system, and the analogue of Rayleigh—Lamb’s equation are derived in Sections 6, 7. In Section 8 a variational formulation of the
hydrodynamical model is presented. The results of linear analysis are discussed in Section 9. In Section 10 the model is modified
in order to take into account the external uniform flow of the liquid. Finally, in Section 11 approximate hydrodynamical models
are derived and a comparative analysis with classical models is done.

2. Lagrangian formulation for a system of N compressible bubblesin an incompressiblefluid

We considerN spherical gas bubbles moving in an unbounded inviscid incompressible fluid. We assume that the fluid flow
in the region between bubbles is irrotational and the velocity vector vanishrs-asco. The fluid velocity potentiag(z, X) is
a solution of the following boundary-value problem:
dg

ap=0, xe2=r%\JB, an| Vi Ve 00 Moo, 2.1)
I i

Herev;(r) = x’/. (1) are the velocities of the centers of spherical bubbies= b'.(t) are the velocities of expansion of the
bubblesxj (¢) are the radius-vectors of the centerg(t) are the radii of the bubbleg & 1, ..., N), Bj andFj are a ball and
a sphere of radius; (r) with center at the poimt = x; (¢), respectively, andh; is the unit normal vector t@’; directed to the
fluid. Prime denotes derivative with respect to time. This problem describes the motion of a collection of compressible bubbles
in otherwise quiescent fluid.

The unknown potential of the irrotational flow can be written as

N
¢=D (V¥ +s50). (2.2)
j=1

where, in view of (2.1), the harmonic functimﬁsj (t,X) and<pj (¢, x) satisfy the conditions

W,
on

%;

=34; 2.3
on I Jk (2.3)

=48kNj,

and their gradients vanish at infinity. Hefg, are the Kronecker symbols.

Let b be the mean bubble radius ariddhe mean distance between bubbles. In what follows, we consider a rarefied bubbly
fluid for which 8 = b/d is a small parameter. Using asymptotic expansions in the small parameter, we obtain approximate
values of the flow potential near each bubble.

The functiong ;o = —b?/rj (rj = Ix = x;I), describing the flow induced by monopole, is harmonic outside thefall
satisfies the conditioa<pjo/an =1 on[; and the decay condition for large. In the neighborhood of thith bubble, we have

- 2
re=rZing —rtoc=x)|* =rf (1= 2c080 (i /rij) + i /rij)?),
1

}’ij=|Xl'—Xj|, nj,'z(xj—x,')rijl, cosej,'z(x—x,')~nj,-rlf and }’l'=|X—X,'|.
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Using the generating function

1 o0
=" Pa(cos)¢"
V1i-2ccost+¢2 =

for Legendre polynomial#, (cosf) [10] and the representation fef written above, we obtain the following series expansion
of the functiong ;o:

pjo=—-L (r—’> (—’) Py (COs9j;), (2.4)
Tij fr b; Tij :

which is valid in the neighborhood of thigh bubble (;/r;; < 1). Eq. (2.4) forr; = b; gives the expansion of the trace of
the functiong ;o on I in powers ofb; /r;;. We note that the quantity; /r;; is of orderg « 1. It is known that, along with

" P, (cos0), the functions~tD p, (cos9) also satisfies the Laplace equation [10]. Consider the harmonic function

b2 2 sp AL\
pji=——L (—) (—) Pn(cOS0j;). (2.5)
Tij n:ln+1 ri Tij
Coefficients of this series are chosen in such a way that the condition
d
a_rl_((/’j0+§0ji)=0 (2.6)
is satisfied or;. Let us introduce the function
2
i =pjo+ Y 05 2.7)
i#]

Hel’e(pﬁ) is defined by formula (2.5) where the total sum of the series is replaced by the partial sum of terms-tif.tt is

easyto see thalp; /dn|r, = 8 j;+O(B4) by virtue of Egs. (2.6), (2.7) and the estimaggs| ;, = O(8%) andVg;; |, = O(8%),
i # k. Hence, the functiorp; defined in (2.7) is an approximate solution of problem (2.3) for the Laplace equation which is

correct top3.
To find ¥ we consider the harmonic function describing the flow induced by dipole

3
G
which satisfies the boundary condition
v jo
n r -

on the surface of thgth bubble. In the neighborhood of thith bubble,y ;o admits the following approximate representation
by a partial Taylor series with the remainder of orgér

o (2o (2 () ) o0,

whereB;; =1 —3n;; ® nj;, I is the unit matrix, ané&® b is the dyad tensor. The harmonic function (which is constructed in
the same way ag;;)

bj (biN?( b \(bi\2, X=X

J J ] i i
L= (L 22\ 2) B 2.9
Vi 4<rij> (”ij><ri> Yy (29)

satisfies the condition®(y jo + ¥ j;)/9nlr; =0, ¥ j;In, = oY andVy il = O(B%) for i # k. Using these equalities we
conclude that
Vi=vo+) Vi (2.10)
i#]
is an approximate solution of problem (2.3) which is correctgfd (see also Russo and Smereka [22]). This order of
approximation exactly accounts for pair interactions of the bubbles. In the next terms of expansion we have to consider




472 V.M. Teshukov, SL. Gavrilyuk / European Journal of Mechanics B/Fluids 21 (2002) 469491

contributions ofy ;; andg;; on I'; that corresponds to accounting for triple interactions, etc. Notice thatigf the number

of the bubbles in a volumé.3 then N¥/3 ~ L/d and void fractiona ~ Nb3/L3 ~ b3/d3 = g3. We conclude that our
approximation is correct to order(&).

As a result, we have obtained an approximate representation of the fluid velocity potential for the specified pgsitions
radii b, translational velocities; and dilatation velocities; of bubbles. This enables us to calculate the kinetic energy of the

fluid:
=§///|u|2d.(2_ Z// a‘pdr———Z// (Vi N +s;)dr"

Herep = const is the density of the fluid, the normal vectoy is directed to the fluid. Using (2.2), we can rewrfteas

N N

0
T = -3 Z Z((Vj 'Ajivi) +deij Vi +Vj - Gjjsi +Sjeijsi),
j=li=1

Aji 2/ 1/fj ®n;dr, d,’j 2//(/)/'“,‘ dr, Cij =/ 1ﬁj dr, ej =//(pj dar. (2.11)
I I fi

In evaluation of the coefficients of this quadratic form we use approximate expressions (2.7), (2.10) for the pﬁgmhﬂs

@ onT;. The coefficients of quadratic form (2.11) are calculated in Appendix A. This gives the following expression for the
kinetic energy of the fluid:

(Zb3< Vil +47'[S >+ZZ<4ﬂb bj S,S/+27'[b <—> Sj(nj,uV,‘)-l—Z?Tb?(#) si(Njj - Vj)
rij t

i=1j#i

+nb3<b )3(v . B v)))
J ijVi
Tij (2.12)

In this formula, the first sum comprises the zero-order termgs amd the second sum includes terms of ordﬁrﬁz, andﬂ3.
An analogous formula for kinetic energy containing the terni84p has been also obtained by Woinov and Golovin [27] and
Garipov [7]. For the case of rigid bubbles of equal radii considered in the paper by Russo and Smereka [22], the formula for
kinetic energy contained only the zeroth and the third-order terms.

In the calculation of the total kinetic energy of the system “fluid—gas bubbles”, we do not take account of the kinetic energy
of the gas, because the gas density is considerably smaller than the fluid density. The law of conservation of energy for the fluid
that occupies the region between the bubbles is written as

— —Zf/@ Poo)ity dI".

llF

Here p is the pressure in the fluids, = const is the pressure at infinity, ang, =u-n=09¢/dn.

We note that the assumption of sphericity of the bubbles used for an approximate description of the flow simplifies
substantially the problem and makes it possible to determine the main contribution to the variation of the fluid flow potential
caused by oscillations of the bubble volume. In the exact formulation of the problem, the bubble shape must be obtained as a
result of solving the problem with unknown fluid—gas boundary from the condition of equality of the pressures in the gas and
in the fluid onr;. Therefore, in the approximate description, the formulation of the problem is modified: on the boundary we
require equality of the pressures averaged over the surface.

Let r be the volume of a bubble. The state of the gas inside of a bubble will be described approximately under the assumption
that the gas density and the gas pressure are constant over the volume. We assume that, initially, all bubbles have the same mass
and temperature. Then they have equal masses at any time and, hence, the pgessaréubble is determined only by its
volumer: pg = pg (7). For the bubbles of equal mass the internal pressure may be a two parameter function (in the case, for
example, when the initial temperature in bubbles differs). To simplify the analysis which follows, we consider here the one
parameter case. Using (2.1), we obtain

Z//(p Poo)a—"’dr (v,//(p Poo)ndF+s,/ (p— Poo)dF> (2.13)
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The integral in the first term of the right-hand side of this equality is zero (the total force exerted on a bubble is equal to zero by
virtue of the law of conservation of momentum). Then taking into account that the pressure depends only on the bubble volume,
we can write Eq. (2.13) in the form

o0
dr, de(r,
Z//(p Pog) 52 dr = Z(pgm) i——Z 25, e0) = [ pe(rrdr + P
i=1 F i T

It is well known that the problem of motion of a fluid with bubbles is Lagrangian in the case where the flow of the fluid
is completely determined by bubble motion [27]. Exactly this situation is considered in the present paper. Using the law of
conservation of energy, we obtain the Euler—Lagrange equations for the generalized coordinates and corresponding velocities:

N
d /oL oL
—_(=)=-—Z==0 L=T— =§ ). 2.14
df<3$’i> ay; v v — o) (49

Herey; = (x;,b;)' (i =1,..., N) are the vectors with four components.
To convert the Euler—Lagrange equations to the Hamiltonian form, we introduce the Hamiltonian

H=T+U (2.15)

and generalized impuls@s andg; related to generalized coordinatgsandb; :

oT oT

A ndr, - dr. 2.16
pi av; p/w qi o5 p/w (2.16)

I I;

Notice that

mm
1 Mz

N
1
// oV -n; +s5;)dlr = > E 1(Vi p; +5iq;)
F =

wherep;, g; are given in (2.16). Differentiating approximate expression for kinetic energy (2.12) we obtain explicit formulae
for p; andg;:

2
p[=p<3ﬂb3vl+2ﬂb3z< ) sjnji +b; Z( ) Bz,/V,/)’

j# Y J#i
.s b3 (n -V
gi=p (4nb?s,» +anp2 Y Ll oy L Y ) (2.17)
J# P
In Hamiltonian form, the equations of the bubble motion are:
dX, dp, db dqi
dl‘ pi- dr X s dt qi» dr b;» ( )

whereH is given in (2.15).

3. Derivation of kinetic equations

In the present paper, we consider the collisionless case assuming that the bubbly medium is sufficiently rarefied, so that over
the characteristic time the bubbles collide with each other very rarely. The basic equation of the kinetic model is the law of
conservation of the number of particles during their motion. ConsideNtiparticle distribution function

f(N)(l,Xl,bl,pl,q1,.-~,XN,bN,pN,qN)

which, in view of (2.18), satisfies the Liouville equation [17]

N
A l;@kv(lfpkf(’“) = div(H /M) + (Hae S M)y, = (1, S M), ) =0 (3.1)
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We assume that the distribution function vanishes for laige;, pi, andgy. Eq. (3.1) is an analogue of the hydrodynamic
continuity equation for the motion along the trajectories of system (2.18). The unknown function in this equation depends
on a large number of independent variables, and construction of its solution is, in fact, equivalent to integration of Egs.
(2.18). Therefore, using the averaging method, we deduce simpler equations that describe the evolution of the single-particle
distribution function defined by

1
f} )(t,xj,bj,pj,q/')=/f(N)d-QNfl,j- (3.2)
Hereafter we use the notations

d2; =dp;dg;db;,  d@y_y ;=[] d2d, deyzjx= [] deidx,
i#j i#j.k

2
f},k)(t,xjvijpj,QJ'vxk,bk,pk,Qk)=/f(N) d2y_2 k-
In the following we assume that for any
1 1
7P xb,p,9) = (7% b,p,9) = FO %5, 9),

2 1 1
f;’k)(t,xj,ijpj,ijxkvbk,pk,Qk) =fj( )(t,Xj,bj,pj,q/')fk( (. Xk bic, P ) (3-3)

Assumptions (3.3) mean that the distribution of different bubbles is described by the same single-particle distribution function
and that the hypothesis of “molecular chaos” is valid (see also [22]). Multiplying Eq. (3.1y2ay.d 1 and integrating over

the generalized coordinates and the moments ef 1 particles, we obtain the following equation for the functiﬁfr):

1+ (1“/(/ Hpy £V dQN—l,l) - %iV</ Hyy f) dQN—l,l) + </ Hyy fV) dQN—l,l)
1 1

- (/ Hp, fNV) df?N—l,l) =0. (3.4
q1

by

All other divergence terms are integrated to zero becgiie vanishes for great values of arguments. Let us calculate the
integral terms of this equation. Sinég, =v1, Hy, = s1, we have to express integrals

/Vlf(N) d2y_11 and /Slf(N) df2y_11

in terms ofx1, b1, P1, 91
If we multiply Egs. (2.17) byf®) df2y_1,; and integrate with respect to variabbes b;, p;, ¢; having indicesj # i,
then we obtain the relations

2p; 1
/Vif(N) d2y_1; = p—r:fi(l)_3Z/in<7>(/b/2'(/sjf(m dQN—z,i,j>d9j>dx./
! J#i Y

3. 3 (1 3 N
TS RO (A o
1

J#i |X,'—Xj|>8

N 9 .1 1 1 2 N
/Aif( Jd@y_1; = Spl.[ifi —52/7/(/%(/“#( )d9N72,i,j)d‘Qj>de
J#i ’

1 1
+ E /Z;/Vx,- (E)(/ b?(/ ij(N) dgN—Z,i,j) d.Qj) de. (3.5

Here we have to find the principal values of improper integrals.
Let us show that for any given distribution function Eqgs. (3.5) determine function, b, p,q) and 5(¢, X, b, p, q)
satisfying the equalities

- 2 = 2
/ij(N) 2y 2. =Vt %}, b, P 115, /s,-f(N) A2y =5, bj.pj.a) £

They represent the mean translational and dilatational bubble velocities. After substituting of these expressions into Egs. (3.5)
by virtue of properties (3.3) we get
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- 2p; -
R e
et I|m Z / ( )(/ b?vjfj(l) de) de)fi(l),

7 |x;—
510 = —iZ/i /b2.§~f~(1)d9~ dx~+i2/vx. L /b3\7~f?1>d9~ dx; ) ;P
! 3p o b g\ 2 ] AV A

where\7j =\7(t,Xj,bj,pj,qj) and§j =5 Xj,bj,pj,q;))-
Let us introducef = N £ which is the density function in phase space satisfying the equalities

/fd.Q:n, /fdex:N

wheren is the number of bubbles per unit volume? & dp dg db. We define the new functions

1 1 .
1 1 3
]/,(t’X)__E/ |X—Xj|<_27T/ij/f/ d.Qj>dxj,

where j is any index. We use the designatigh for f(x;,b;,p;,q;). Note that—(4r|x — xj|)*1 is the Green function for
Laplace equation i®R3. By using the indistinguishability of particles we write

- . 3 -1
V(t, X;, b, Pi.qi) = p—'z’+3< (p(t,x;) +divi (1, %)) + 2/rV(t Xi.b,p,q) f(t, X, b,p, q)d9> N
l
< qgi N-1
5(t,%,b;,pi,qi) = 3 lf, l((ﬂ(t LX) +dive @, x; )T (3.6)
In evaluation of the limit in (3.6) we have applied the formula (see also Russo and Smereka [22]):
, 1 aly) 1_ . acy) 1
S =—_V — Zax). .
5ITO( y / Xd|v<| y|>dy> y d|v< Y] dy) 3a(x) 3.7)
X=yl>¢

Passing to the limitN — oo we obtain a system of equations determining unknown functiamsx, b, p,q) and
5(t,%,b,p,q)

. 2p 1 - - q ()
V—pr+3<v¢+2/fod.Q>, s_3pr+b’
DP=¢+¢, A(p=4n/b2§fd9, Ad):—gdiv(/ r\7fd{2>, (3.8)

where¢ =divy, d2 =dpdgdb andt = 4/3yrb3 is the volume of the bubble. To obtain the expressions for functicarsd
5 in terms ofx, b, p, ¢, we shall convert Egs. (3.8). If we multiply the first equality in (3.8)#; the second by? f and
integrate over £, we obtain linear equations which allow us to find

—g/rwdg_m( /pfd9+9av¢>
4n/b2§fd9=%/5fd9+4nd>/d9, (3.9)

wherea = [z ds2 is the void fraction of bubbles. Using Egs. (3.8) and (3.9) we arrive to formulae defining funétichs
depending omp, g, b, x:

. 2p 6 1 . q (]
— = Vo + — ds2 §=—+— 3.10
=2 3a_2< +p/pf ) =L+ 7. (3.10)
where® satisfies the equation
. 9o 1 (¢
= \Y - | - .
AP d|v< 3o 2)/pfd9+ — <D>+4n<b/bfd9+p/bfd9
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Using formulas obtained we find the integrals in the second and the fourth terms of Eq. (3.4):

2 6 1 N
/lef(N) d9N71,1=/V1f(N) d2y_11= (ﬂ - (Vcb + ;/pfdf?))fl( ),

pt1 301 —2
q1 1
/quﬂN) d2y-1.1 =/“1f(N) on-11= (ﬂ ' b1>f( |

To derive the kinetic equation for the density function in phase spéce, b, p, ¢), we have also to find the integrals

/ Hyy fNV) ds2y_1 1, / Hp, fN) d2y_11
involved in the third and the fifth terms of (3.4). In evaluation B%, and H;, we use the equalities
HX,‘(xlvblv plvql’ 7XN’bN’pN7qN) = —in(xl,bl,V]_,Sl, "'7XN’bN’VN’SN)’

Hp, (X1, b1, P1, 915 - - - XN BN, PN gN) = —Lp; (X1, b1, V1,51, - - -, XN, DN, VNS SN)-

HereL is the Lagrangian anéf is the Hamiltonian.
Integrating the expression ferLy, f ™) with respect to variables with indicgis# 1, we get

1
/Hxlf(N) d2y_11= p<4nb§§1v¢ + 2nb§<aixl(vq> +5 / TV f dfz)) >f<1>, (3.11)

Analogous calculations give the following expression for

2 32 3 25, @
/Hblf(N)d.QN_l,1=4nb%< <—Zl—7——.<v¢+ /pfdQ) ;11 ) —( ))f(l). (3.12)

It follows from the formulae above that we can introduce the averaged Hamiltéhizq, b1, p1, 1) by the relations

~ - ~ ~ 1 ~ 1
Hp, =V, Hy, =31, HX1 ( ) /H f( )d.QN 1,1 Hblf{ )=/Hb1f(N) d2y_11. (3.13)

It can be verified that the overdetermined system satisfies the compatibility conditions by virtue of (3.10)—(3.12). As a result,
we derived the kinetic system governing the evolution of the density function in phase space (in the following we omit the tilde
and the subscript “1"):

Jt +d>i(V(pr) + (Hyq /)y — diV(fo) —(Hpf)g =0, (3.14)

HX,b,p,q) = 'O4T + 3'(2) s<+e(n), (3.15)

A® =47 /bzsfd{z - gdiv</ rvfdQ), (3.16)
where

=i_2_3a6_2<v¢+%/pfd9>, s=3%+% a:/tfd.Q. (3.17)

Equation determinin@ can also be written in the form

Ad):div( /pfd.Q—l— 9“2v<p>+4n4>/bfd9+5/%fd9.
- p

Ba—-2) 3o
It is interesting to note thal? formally looks like the total energy of a single compressible bubble moving in a fluid.
Equations obtained can be used for the derivation of approximate models. If we write the equations in dimensionless
variables
_ _ b2
p=pb3Vp, q=pb3Vqg, v=VV, 5=V, q>—7v<p/
1

1/2

_ _ P

f:wf’, b=bb, x=dx, t=bV1, V=<ﬁ> (3.18)
0

0
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then the powers of the small paramefier= 5/d appear in the governing equations. Neglecting terms of ordgfaand higher,
we get an approximate kinetic system (3.14)—(3.16) supplemented by the equations

v=2_p+3<v¢+1/pfd9>, =1 .2 a=/rfd9- (3.19)
pT 0 3pt b

In (3.19) we have returned to dimensional variables. If we additionally drop terms of or@éy @nd higher in expression
(3.15) for the Hamiltonian, we obtain an analogue of Russo and Smereka system [22].

Dropping some @3) terms in kinetic equations, we obtain another approximate model of the form (3.14)—(3.16) with
Egs. (3.17) replaced by

2 ®
v=2L tave, =1 42 (3.20)
pT 3ot b

This system is similar to the kinetic equations derived in the case of rigid balls by Herrero et al. [11]. If we formally put
fb=fg=0,s=0andb = const in (3.14)—(3.16) and (3.18), we arrive at the kinetic model for the case of rigid balls [11].

4. Ambient liquid flow

Description obtained admits a simple interpretation. A potential of the mean liquid flow induced by distant monopoles and
dipoles is equal t@. The gradient ofp gives the velocity induced by distant singularities

Up= Vo, divu0=4n/b2sfd9 - gdiv</ rvfdQ). (4.1)

We see that the flow potentidl represents the averaged linear combination of potentials related to monopoles and dipoles. We
can find the mean pressure by using the Cauchy—-Lagrange integral

1
P = Poo — P(‘pt + E(Vd?)z), 4.2)

From (4.1), (4.2) it follows that the flow induced by distant monopoles and dipoles is governed by irrotational Euler equations
with source terms:

,O(UOt + (ug - V)UO) +Vp=0,
3
divug =471/b2sf A2 — 3 div(/ wf dQ), rotug = 0. (4.3)

Analogously through the averaging of expression for gradient of potentials related to monopoles and dipoles we calculate the
mean velocity of the liquidl;:

1
u,=u0+§/rvfd9.

In derivation of this expression formula (3.7) was used. The first term in the right-hand side of this equality describes
contribution to the velocity field from distant monopoles and dipoles, and the second term represents the contribution induced
by local dipoles. The bubble impulse

T T
p= %(V—3U1)= %(V—Ul) — pTy (4.4)

is the product of the added mags/2 and the velocityw — 3u;. It is known (see, for example, van Wijngaarden [31]) that a
massless sphere moves, in an impulsively generated flow, with three times the velocity that this flow has at the centre of the
sphere. Formula (4.4) agrees with this result wpena0. From the other hand, (4.4) shows that the bubble’s impulse is equal to

the difference between relative impulse (which is defined with respect to relative veloeity) and momentum of the liquid

in a volumer.

5. Conservation lawsfor kinetic system

In this section we obtain the continuity equations for the liquid and gas phases, the conservation laws for total momentum
and energy as a consequence of kinetic equation (3.14).
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Integrating (3.14) with respect f ¢, b and taking into account that vanishes at infinity, we obtain the conservation law
for the bubble number density:

n +div</ prdQ) =0. (5.1)

Heren = [ f ds2 is the number of the bubbles per unit volume. Next conservation law is obtained after integration of (3.14)
multiplied by 4/37 53

4 (4
(/ §nb3f dQ)z + dlv</ §nb3pr dQ) =/47tb2qu de =/4ﬂb2sf de = Ag. (5.2)

Taking into account the equality

(503 [ rusae) <o

(see (3.8)) we derive the equation

ay +div</ vf dQ) =div<uo+ g / vf dQ). (5.3)

It is natural to define the mean mass velotityf the liquid phase:
U=1-a) Lu.
Eq. (5.3) can be rewritten as a conservation law for a mass of the liquid
(p(1—a)), +div(p(l—a)U) =0 (5.4)

flowing with the mean velocity.
To obtain the conservation law for momentum, we multiply Eq. (3.14)ppyand integrate with respect to variablps
b,q:

(/p[fd9>t+div</p,~prd9>+/Hx,-fd9=0, i=123

Herep = (p1, p2, p3) T, X = (x1, x2, x3) 1. Taking into account that

(3 3 2
/Hxifd.Q =div Epd)xi /‘L'Vf d22 )|+ pAD Dy, + gp /‘L'Vf a2 )
Xi

. 1
AP Dy, = div(Py, VO) — E(V¢)§f’ (5.5)

we obtain the conservation law for the total momentum of the bubbles:

. 3 3 2
</pfd9>t+dlv</(p®Hp)fdQ+puo®<u0+§/rvfd9))+V(§p</rvfd9> —gu§)=o. (5.6)

Here the divergence of a second-order tens@s defined as [21]
div(A)a=div(ATa)

for any constant vecta. In particular,
div(a® b) = adivb + gb

for any vector fieldsa and b. We note that if a different definition is employed [26]: dMa = div(Aa), it is sufficient
to transpose the tensor product to obtain a right expression. Summing Eq. (5.6) with (4.4) written in a conservation
form:

0
pUoy +V<p + Eu%> =0,

we obtain the conservation law for the total momentum of translational motion of gas—liquid system
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</pfd.(2+,ouo> +div</(p®Hp)fdQ+puo®<u0+g/rvfd9>)
t
2
+V<p+gp</tvfd9) ):o. (5.7)

In the followingV stands for mean value of the bubble’s velocity
Vzaflftvfdﬂ.

Using the identity
/r(v@v)fd[) =aV®V+/r(v—V)®(v—V)fdQ

we rewrite conservation law (5.7) in the following form:

p((l— %)(l—a)U) +div<p<1— %)(1—0{)U®U+ W(u ~V)® U —V)) +V<p+ :—;paZV2>
t

=—div/%(v—V)®(v—V)fdQ. (5.8)

Similarly we obtain inhomogeneous conservation law for the momentum of dilatational bubble motion

(/qfd-f?)t-l—div(/qufdQ)—l—/HbfdQ:O.

The energy conservation law can be obtained from Eq. (3.14) if we multiply H and integrate with respect to variables

q,b:
(/Hfdﬂ)t-l—div(/Hprd.Q)—/H,fdQ:O.

To transform to a divergent form, we use formulae similar to (5.5) and arrive at equation
2

2
(/Hfd(ﬂ—gu%—:—;(/rvfdﬂ) ) +div</Hprd.Q+(p—Pooeru—z())(qurg/rvfdQ))=0.
t

Let us define the internal energy of bubbly liquid per unit volumby the relation
E= 1(%” / 52 £ d2 +/e(r)fd9 + M(u SRV %/r(v—V)zfde). (5.9)
o

Here the two first terms represent the pulsation energy and the internal energy of bubbles. The third term gives
the energy of relative motion, and the last term corresponds to energy of bubble velocity fluctuations. Using the
identities
1 3 1-
/rvzfdfz =aV2+/t(V—V)2fd9, %v2+ Eug_ §a2V2= T“(a(U—V)2+(2—3a)U2),
we write the energy conservation law in the form

Pa—af(1-3)\02) L di Pa_af1-3\u2 3 o2 2)
((xE+ 2(1 a)(l 5 )U >t+dlv<<aE+ 2(1 a)(l 5 >U +p+8,oot VeV
1 o \2
-I—(l—a)(p—Poo—{—Ep((l—a)U—EV) )(U—V))
=—div/r(H1—H2)(v—V)fdQ. (5.10)

HereHy =t 1H, Hy=a™1 [tHf dR.

In the conservation laws derived the left-hand sides represent the terms related to the mean values of flow parameters. The
terms in the right-hand side and the term in expression (5.9) for internal energy describe the contributions associated with the
fluctuations of flow parameters. These terms can be expressed through the mean parameters if we chose some special form of
the distribution function.
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6. Hydrodynamical equations

For smoothly varying flows the distribution function is narrowly peaked. We shall derive a closed system of hydrodynamical
equations describing such flows. If instability will develop, we have to take into consideration fluctuation terms. Taking into
account that for the distribution function of the form

f=n,%8(p—p,%)8(q —q(t,%))8(b — b(t,x)) (6.1)
the right-hand sides in (5.8), (5.10) vanish, we obtain the following conservation laws from (5.1), (5.4), (5.8) and (5.10):

n+diveV)=0,  (p(1-a)), +div(p(1—a)U) =0,

p((l—%)(l—a)U) +div<p(1— %)(1—0:)U®U+W(U—V)®(U—V)>
t

3
+ V(p + gpa2V2> =0,

wE+ 20— (1-32V02) sdiv((aE+L2a—o(1-32)02 4 p+ Spav2)v
2 2 , 2 2 8

1 2
+(l—oz)<p—Poo+§,0<(l—oc)U—%V) )(U—V)):O. (6.2)
HereU, V, @ andp are related by the equalities
o P 2
(1—a)U-— EV=Vql>, p+§(v¢) = Pso — p®@;. (6.3)

System (6.2) complemented by the equations

2
o 0 o B B o«
p((l—a)U—EV)f—l—V(p—i—E((l—a)U—EV) ) =0, I’Ot((l a)U 2V>

form a closed system of hydrodynamical equations governing motions of the bubbles in an ideal liquid. The last condition
prescribing irrotational initial data provides the equivalence of (6.3) and (6.4). Substituting (6.1) into the equation

=0 (6.4)
t=0

a; +divaV) = 4 / b2sf de2

we derive the relation
s=b=b +(V-V)b.
The Galilean invariant part of the energy

E= 20+ e + LD 0wy ©5)

depends not only oh, but also orb and(U — V)2. We introduced here the notatieqr) for t—1e(z). In a system (6.2), (6.4)
consisting of two vector equations and three scalar equations there are two unknown Uestaaad three scalar unknown
functionsb, «, p.

Remark. We see that some coefficients in Egs. (6.2), (6.4) vanish=a2/3. One can expect that the solutions of the system
have singular behavior whenapproaches /3. The total energy of the system

4 3\ 2
(xE+2(1 a)(l 2>U

can be negative far > 2/3. This values of gas volume concentration do not belong to the range of our model validation. The
valuea = 2/3 is very close to the limiting volume concentration for a random dense packing of spheres in a volume.
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7. Rayleigh-Lamb’s equation

The oscillations of the bubbles are governed by Rayleigh—-Lamb’s equation which is a consequence of conservation laws
(6.2). To show this fact we transform the momentum conservation law to the form:

po 3 3pa2 aV\T 3pa . o 3pa o
—(1-—=)(V V.-V)V — ) V- —Vd =V —(VVa -V (V-V
(2 3 e ooy () v - Ftvan(uo Gv) 4 T (vPve v o)

2 2
Transforming the energy conservation law we obtain the equation:

3o 3 3o
+—Vp—l—%(U0~V)U0+Zﬂpb2sn(<l——>V—U0> =0. (7.1)

3 3
Bapsi +anbPsn( 2V2 4 Zps? 46’ 4 p— Poo+ 203 ) + E(1-Z vV, + v (v )
4 2 2 2 2 2
Y 3pa . o
+7(V-V)<p—Poo+§U(2))—%VZdIV<U0+EV)=O. (7.2)
Heres =s; + (V- V)s. Summing Eq. (7.2) with (7.1) multiplied byV we obtain Rayleigh—Lamb’s equation

3 - 1 1.\ 31-2«
bi4 o2y PP (G ) 3d 20 (7.3)

2 0 2 2 8

Eq. (7.3) allows us to fingp as a function ob, s, s, n, U andV. In a new formulation we obtain the system consisting of

the first three Eqgs. (6.2), (6.4) and Rayleigh—Lamb’s equation (7.3) for the pressure. Notice, that Rayleigh—Lamb’s equation
follows immediately from the momentum equation for dilatational bubble motion. Let us rewrite Rayleigh—Lamb’s equation in
the following equivalent form:

bs‘+gs2+m—%(U—V)2+73(1;a)2U2+3%2V2=0. (7.4)
To estimate the asymptotic accuracy of (7.4), we notice that

Up=V® =1 —a)U—a/2V
is determined from the equation (see (4.1))

A® = 4xbesn — g div(aV) (7.5)

and the condition of vanishing @ at infinity. Taking into account that fom1/3 of order Q1) the right-hand side of (7.5) is

of order Qa?/3), we can conclude thaty andU are also of order @2/3). It gives the asymptotic estimate(@"/3) for the

difference between the left-hand sides of (7.4) and the classical Rayleigh—Lamb’s equation (see, for instance, Biesheuvel and
van Wijngaarden [2]):

pP—pg (1-w?
4

But we have to keep the small-order terms to conserve Hamiltonian and Lagrangian structures of the system derived.

(U—-Vv)2=o.

3>
bs + =
S 557+

8. Variational structure of hydrodynamical system

A natural question appears whether hydrodynamical system (6.2), (6.4) has a variational structure. The answer is not obvious
even if the initially formulated problem has this property. Indeed, several hypotheses were used for derivation of the governing
equations. This, in principle, could change the initial structure of the system. Nevertheless, we shall show that the system can
be obtained by using the Lagrangian formulation. In the following it is more convenient to consider the Lagrangian

3 1- 3 ,
L=a-w(1= 324+ 2229 _v24 30602 — ae(r) 8.1)
2 2 4 2
as function of variables:
. . 4 3 . ot jg
pr=1—-a)p, pg=n, ji=pU,  Jg=pgV, T=-mb>, t=— 4= .Vr (8.2)

3 at  pg
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Notice, that: has no the dimension of density, but its product with the mass has. We can express the specifie \wltgrmas
of p; and pg:

S Y (8.3)
n PpPg
The Lagrangian (8.1) considered as function of variables (8.2) is:
Lon o lnier v D= (1- 3’pg)i+p”pg(j—l—j—g> D8 (2 — pge(r). (8.4)
s 2 ) 2p 4 \po  pg # '
Substituting expressions ferandb following from (8.2), (8.3), we can write a general form of the Lagrangian:
ap; ap - .
L(m pg. i1 Jg, Vo, azg VPg) = L(p1, pg.j1,ig- T, 7)- (8.5)

Next we obtain hydrodynamical system (6.2), (6.4) from Hamilton’s principle of stationary action. This principle states that
the Hamilton action

=/Ldtdx

is stationary with respect to arbitrary variations of fluid particle displacements satisfying the constraints
) -
%+deK=o, k=1,g. (8.6)

Here the integral is taken over the whole volume of the fluid. We shall show that system (6.2), (6.4) determines “potential
solutions” of the Euler-Lagrange equations written for the constrained Lagrangian (8.4) (the notion of “potentiality” will be
defined below). We shall not use the conventional method of Lagrange multipliers. Instead of it we integrate the constraints
in Lagrangian coordinates and solve them with respect to the densities (see, for example, Salmon [23] for Euler equations,
Gavrilyuk and Gouin [8] for two-fluid equations).

For this, we consider two smooth one-parameter families of virtual motions:

X=®, (X, t, M), k=18,

where X, are the Lagrangian coordinates of each component,igndre small parameters. It is supposed that= 0
correspond to the real motion of the continua

X=(PK(XK,I’), K=l,g~
The virtual displacements

0D, (X, 1,0
§K<x,z>=7“(“ ), Xe =@ tx, 1), k=g,
Oy

are supposed to be functions with compact support. Variations of dependent vapjabledj, in Eulerian coordinates can be
expressed in terms &f, :

S =—div(pi&,).

This formula can be derived from the mass conservation laws (8.6) integrated in Lagrangian coordinates

X
pKdeﬁ(ax >=,0Ko(XK), k=1g.

The space variation gf. admit the representation [8, Appendix B]:

Sicjie = o1 +divE, Qjx — i ®&,).

Taking into account that the virtual displacemefjsvanish at the boundary and using the divergence theorem, we represent
the variations of the Hamilton action as the linear functional gyer

da

apy ap aL
-— =8K/L<pz Pgs Jl,lg, . Vo, ag Vpg>dtdx—/<6 S+ —— T 6K1K>dtdx
Ae=0 Lk J«

) =
=

. oK .
/(RKSKPK + Kiedeji) drdx = _/(pk HIK - ;OKVRK>§K drdx =0. (8.7)
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Here
SL L B aL (L SL oL
—=———<7)—dlv<—>, Re=2L k.= 8.8)
8ok Opc 0t \ 3(dpx/0t) oV i Yo 0]k
From (8.7) by virtue of arbitrariness éf,, we get the equations of the motion:
oK .
P 9 +rotKe Aje — ok VR =0, k=1,g. (8.9)

In the case of irrotational (potential) motions which are defined by the relation (see Gavrilyuk and Gouin [8] and Gavrilyuk and
Teshukov [9])

rotK, =0,

Eqgs. (8.9) are written in conservative form. In general case only the total momentum and the total energy are conserved
(Noether’s theorem). Summing (8.9) we obtain the conservation law for total momentum:

d aL : : aL
E( Z </0KKK - 78(8,0,(/31,‘) VPK)) +dIV< Z (KK Rk — Vo ® 3V,0K)

k=lg k=l,g

+(Z— Y (peRe + Ky ~jk)>1> =0. (8.10)

k=l,g

Linear combination of Egs. (8.9) with multiplie$ andV gives the conservation law for total energy:

) . 9o oL . . . 9pe 0L B
ar( 2 (K”” ot a(apx/an) L>+d'v< Z( Rede+ =5, am))‘o' (6-11)

k=l,g k=l,g

Let us write the Euler—Lagrange equations for the Lagrangian (8.4) in explicit form. Evaluating
L  OL 30 j P
K,:—_:—_:(l——)'—’+3<'—’ —J—g>=(1—a)U—gV=u0
ol Al 2)pr 2\p  pg 2

we see that the velocity conjugated to the fluid momenjtuooincides with the induced fluid velocityy. Notice that ifug is
irrotational then the momentum equation (8.8)#o& [ is in conservative form. Let us show that in this c#&as equal to

_ p_Poo+u_(2)
o 2 )

Indeed, referring to (8.4), (8.5) we get

SL aL 8L aL 1 8L
B t_9oL 1oL (8.12)

"o oo Stom dp np ot
Evaluating the partial derivative df(p;, pg.j;.jg. 7. 7),

.2 . \ 2 . \ .

oL 3 1-
_=_<1__>L2+E<l_l _J_g> +%<l_l _J_g><_l_12> _%y2_d-9)p
ap1 2)2pf 4 \p pg 2 \p  pg of 4 2

and the term

AL A B me (i dg)*_mef2 1 de b (moi) g (met,
np 8t np \ 4p; 4 \p  pg 87bh2 4rb2  dt 9t \4wb 4rh
31l-a), » (1-w 2 1lde . 3.5
= U — Uu-vVv —— +bb+ =b°,
7 7 ( ) +,0dr+ +2
we arrive at the final expression for
a o (1-a) o 31l-a) » Q- 2 1lde . 3.5
R, = -V°— U U — Uu-vVv —— +bb+ =b
=1 2 T g UV S TS
a o (A-a) » (1-a) o lde . 3.5
= -V u?— U—V)2+ === +bb+ =b°.
) + 7 7 ( ) +,0dr+ +2
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If we prove that

2
u Poo —

R+ 2=fx"P (8.13)
2 P

then the equation

oK;

— —VR; =0 8.14

o I (8.14)

is equivalent to (6.4). It is easy to see that (8.13) is equivalent to Rayleigh—Lamb’s equation (7.3). This proves the equivalence
of (6.4) and (8.14).
Taking into account that the total momentum

Z <p K _va )
R 8@/ "

k=l,g

is equal to
aL L oL dL [ ot at AL IL apr.,  ap
s Oy (v + Lvn) = L 4 n 2 A —a U=y 2Py _y
P T Tar T af(ap, 't ") P, T, =AU =5 2 U=V

- p(l—a)(l—%)u,

we see that the conserved quantity in (8.10) is the total momentum presenting in the system (6.2). Notice that the total
momentum does not depend ¥nNext we show that the flux

. dL . _
(KK ®]K_VPK®8V—>+<L— Z (/OKRK+KK'JK))1 (8.15)
Pr =l

coincides with the flux

3 pa(l—a)
p(l— 7)(1—05)U®U+f

of the third equation of system (6.2). To prove this, we compare independently the dyad terms and diagonal tensors. We have:

U-V)®(U-V)+ (p—Poo—i—gposzZ)] (8.16)

L AL o
Ki=—=—=(1-0U--V=up, K

o1 dis 2 ¢

SL 9L  SLdr 9L 1 8L

| =w— =7t —7—= ,
Spr 9o 8Tt dpr dpr ppg bT

L 8L 8L 9t 1 9L aL 8L dt 1 9L
= = +=—  — vV

_@_@ 8t dpg  pg IT _@ 8t dpg  pg IT

_OL 9L AL Vr
dig dig 0f pg

8

Substitution of above expressions into (8.15) gives

. aL AL . o ot
K -V = ®ic=(1-aUu—-2v u—wu-v v
( © Ok px®wpk> K;gajK ®ix (( U -3 )®pz > ( ) ® pg

3
— p,<1— 7>U®U+ %(U—V)@(U—V).
We see that the dyad part of flux (8.15) and (8.16) coincide. We can write the following expression for a spherical part of the

flux (8.15)

L— Z (o Rie + Ky - i)
k=l,g
oL 8L ot oL 8L ot 19L oL . oL . oL
=L-p|l—+—— )0l 7—t+—7———=VV| -1 - Jg——=Vr-V
ap; 8t dp; dpg 9t dpg  pg IT a7 ) g aT
oL oL oL . aL . 14L

=L —pj— i — —/— -
ol Ji P

—pgT— — ——.
a1 Fapg 0 pg 0T
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It has been shown that
1 5L ( oL u(%>
——=p—Potpl —+-)

pg 0T o1
The spherical parts of (8.15), (8.16) coincide if

2
aL aL L . AL L U§\ 3 5 o
L—p——pg——— )1 —— -] +,0<—+—>=—,0aV. (8.17)
oo oy O dig ¢ "Nom T 2) 8
Since the Lagrangiah(o;, pg,j;,Jg, 7, ©) is a quadratic function of the momerjtawe obtain the equality
oL . dL . 3tog\ iZ | mteg (i1 ie \2\ | pPs ..
L——-jj—— "] =—<(1— >—+ == + (1) — pge(n). (8.18)
3y g ¢ 2 )20, 4 \p pg 8rb 8

Remaining terms in (8.17) are evaluated as

IL L, <8L . U%)
—p17— = pg—+p( =+ =
dpor % opg o 2
oL oL u3
= pa— +p—

— e
o " dpg 2

3\ U2 afi; ig\? mefii e i
w8 ) ()
p(( 2>2 4\p pg 2 \m g p?

.2 . . 2 . . . 2
3t J; Pﬂ'(]l Jg) Plpg1'<]l Jg) Jg P .2 ) ug

—pel ——w7i—F+—|——=] + === )-S5+t O —e(@®) | +p5. (8.19)
g( 220 4 \p g 2 \m pg) p2 &b 2

Summing Egs. (8.18) and (8.19) we derive equality (8.17). So, the momentum equations of the system (6.2) follow from the
Hamilton principle.

It should be noted that the variational principle obtained can be also used for the description of rotational motions
(rotK #0).

9. Linear waves

Consider small perturbations of the uniform state:
up = 8o, V=6V, p=po+p=Poo+p, n=ng+34n, b=bg+ b,

8 is a small parametebg = const, ng = const, pg = pg(7g). The linearized system (6.2), (6.4) is

e ~ (. 3Bog 300\~ .
iir +ngdivV =0, 3a0bt=bodIV<U0+7OV>, B(l——())Vt—i—Vp:O,

3 2
plly +V5=0,  rotlig=0, by +wih=—"L". 9.1)
pbo
Here
3rp d
2_ S50 7Pe
Wy = ,Obg dr (70)
is a resonance bubble’s frequeney,= ngtg, 19 = 4/3b8. The Fourier transform of (9.1) is:
by {. i 6ik P
by=——=|ik-u —k-V), Vi=—p, upg; =ik =, k Aug=0,
f 3ao< °T ) The—me” YT °
b =—w2b— L np=ingk V). 9.2)

pbo’
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Herek is the wave vector. The general solution of (9.2) is a linear combination of expon‘éﬁ’fswith w being a root of the
dispersion relation
s o 2b2(1 + 3ag) k|2

o =w (9.3)
" 300(2 — 30g) + 2b3(1 + 3ag) |k |2

orw = 0. For 0< «g < 2/3 the dispersion relation (9.3) shows th#t < »Z for any finite|k| and thatw? — w2 in a short wave
limit (]k| — o0). The equilibrium sound velocity corresponding to the propagation of long wgkies>(0) is:

2_ @® 5 5 2(1+3up)

C lim — 9.4
¢ Do TkZ 0 Bag(2— Bug)| ©4)

The phase velocit¢ = w/|k| satisfies the inequalitg2(|k|) < Ce2 for |k| > 0 and monotonically decreases to zer¢kds~> oco.
Forag > 2/3 the wave modes become unstable for sufficiently small wave numbers.
It follows from (9.4) thatCZ — 400 asag — 0 (the limit of pure fluid) oreg — 2/3 (the limit of the dense packing).
Itis interesting to compare formula (9.4) with Wood'’s and Crespo’s formulae:

2 _ YPo 2 _ ypo(l+ 2ap)
ew — ? ec — N
pag(l—ap) pao(l—ap)
Herey is the polytropic exponent. These formulae can be found, for example, in Miksis and Ting [18]. Formula (9.4) can be
also rewritten as

2_ 21+ 3e0)ypro
¢ pag(2—3ag)

Expanding in smali we have

9
2, ~ VP0(1+a ), 2~ yp0(1+3a0) 2 ¥Po <1+ 9, >

pap 2

We see that (9.4) gives a greater value of the sound velocity. Note that Wang and Smereka [29] have recently obtained effective
hydrodynamical equations for bubbly liquids which give Crespo’s formula in the long wave limit.

10. Motion of bubblesin a flow with uniform velocity

System (6.2), (6.4) describes the motion of the bubbles in the case when liquid velocity vanishes at infinity. To obtain the
equations governing the motion of bubbles in a liquid which flows with a given constant velocity at infinity we apply Galilean
transformation

X' =X+ Usot, U =U+ U, V' =V +Ux (10.1)
to Egs. (6.2), (6.4). HerH is the fluid velocity at infinity. The conservation law

Fr+divG=0
transforms into

Fi+ (Us - V)F +divG = F; + div(G 4+ FUs) =0,

whereF andG have to be expressed through the variables with primes.
Transformed system governing bubbly flow is as follows (primes are omitted):

n; +div(nV) =0, (Pl-w), +div(p(1—)U) =

((1—%>(1 a)(U— Uoo)> -l—diV( (1—&>(1 a)(U— Um)®U+¥(U—V)®(U—V)>
t

3
+ V<p + gpaz(v - uoo)2> =

3
((xE-i—-(l a)(l——)(U Uoo))
t
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. 3o 3
+div ((ms + g(l - a)(l - 7)(u - uoo)2>v + <17 + §mz(v - UOO)Z)(V —Uso)

2
Taking into account that (10.1) yields the following transformation lawufpr

u/0=uo—|—(1—%)Uw=(1—a)U—%V+<l—%>Uo@

2
+ (1—a)(p — P+ %p((l—a)u - %v- (1— §>um> )(u —V)) —0. (10.2)

2
we rewrite Egs. (6.4) in a new coordinate system (primes are omitted):

pla-—wu-v+2u) +9(p+L(A-wu-2%v+Zuy A\ o
2" T o) 2 2 T3 ’

3
rot{ (1—a)U—2v + Zuy —o.
2 2 t=0

It follows from these equations that there exists a potedtialich that

3 1 u2
(1—a)U— %v + %5 U= VO, —,0(47; + E(qu)z) =p—Poo— ‘)700. (10.3)

The system (10.2)—(10.3) is Galilean invariadt transforms also). A generalized Rayleigh—-Lamb’s equation (7.4) takes the
form

p—pg (1-w?
4

3(1—a)?
o 4

. 3 2 2 2 3052 2
bs+§s + U-V)“+ (U—-Ux) +T(V—Uoo) =0.

11. Approximate hydrodynamical models

In the derivation of kinetic and hydrodynamical equations the series expansion of the flow potential in powers of small
parameter = b/d = O(a}/3) was used. The equations were derived with the error of ordgf)QI > 3. To compare our
hydrodynamical model with others, it is useful to expand (6.2), (6.3) in powes. dfitroducing dimensionless variables
X, b, t, @, V', s similarly to (3.18), andJ’, p/, p;,, n’, o, as follows:

2 P 12 / / / 1 / 3./
U=g (7> U, P — Poo =BPsop’, pgzPoopg, nzﬁn, o=,
we rewrite Egs. (6.2), (6.3) in dimensionless form
/ 3
(1- g3V — ﬁT“v’ =V'eo', p+o,+ %(V’@)Z:o,

n, 4BV @V =0, o, —diV((1- p3)HU) =0,
(V- 352(1_ ,330/)U/)t, +BNV V)V — 3,32(1— ,330/)U/)) 4 %(1_ ﬁ?’a/)(V/ _ ,BZU/)

’ 4
+ 3ﬁ3(V/ . V/)((l— ﬁsa/)U/ _ ﬁ_‘xv/> + %V(a/zv/z) =0,

2 8
3 1_3/2 341_3/2 3()[/2
bﬁe’+§s/2+1—p;+ﬁp/—7( /Z“) (v’—ﬁzu/)2+7ﬁ( 45 o) u’2+_8 B2 =0,
s'=b), + BNV - V)P, §'=s,+ BNV -V)s'. (11.1)

We will distinguish “fast” and “slow” bubble motions. A “fast” motion is characterized by the asymptdtiesO(1) or
V =0(B). In a “slow” motionV = O(82) (it is sufficient to fulfill these asymptotics at= 0). In the following we consider the
“fast” motionV = O(1) as a main flow, showing the changes in equations which appear for other asymptotics.

Equations of @8') order of approximation are obtained by dropping of sontg/®!) terms in (7.4). To a lower order of
accuracy @1) we derive the system

ny =0, (V) =0, U=Vao, P — Poo =—p%Py, AP =qy,

3, Pso—
bs + Esz y 0" Ps %vz =0, s=by, i=s (11.2)
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that describes the motions of noninteracting bubbles (we have returned to dimensional variables in (11.2)). Integrating the first
two equations of (11.2) we find

_ X

n =ng(X), \Y
T

Vo(X).

Heretp(x), Vo(X), ng(X), are the initial values of the volume, velocity and bubble number density. The bubble radius is obtained
by integrating Rayleigh—Lamb’s equation. The pressure in liquid induced by the bubble motions can be found from (11.2) after
integration of Poisson’s equation f@r. No influence of the induced pressure on the bubble motion is observed.

The Q(8) approximation of (11.1) written in dimensional variables

ne+divinV) =0,  (tV) + (V- V)(zV) =0,
U—%V:th, p—Peo=—p®, dvU=aq,

p—pg 1
4

3
bi + 552+ VZ=0, s=b+ (V- -V)b, §=s+(V Vs (11.3)

accounts for induced pressure effect on the bubble radius oscillations. For the €a8€8), [ = 1, 2, we can simplify system
(11.3) to

3 —
=0 (V)=0  U=Vd  p-Po=—pd, Ad=a, bit+osi+ 0,
s = bl» §= St. (114)
We obtain from (11.4) the system
3
4ﬂpn0(b2s)t =—Ap, p(bst + §s2> —pg=-p (11.5)

coinciding in the limit of incompressible liquid with approximate equations derived by Caflisch et al. [4]. System (11.5) reduces
to Foldy’s equations [6] under assumption that the bubble oscillations are small.
More detailed description of the induced pressure and added mass effects is attained if \(\&stqnp}oximation of (11.1):

n; +div(nV) =0, (%(V—U)) +(V-V)<%(V—U)>—r(Ut+(V~V)U)=O,
t

3as
u-— %‘V=v¢>, p=Poo—p®;,  divU+aV)= T‘,
3 - 1
bi+ 552+ P~ P JV-v?=o (11.6)

In the case of the “slow” bubble motion we can rewrite (11.6) in the form

n =0, (%(V—U)) —1U; =0, U=Vo, p@t—l—%(vq))z—l—p:Poo,
t

. 3 —
-y +dv(Q-U) =0, bi+ 552+ P Ps g, (11.7)
The last three equations can be rewritten as
- R . 3
pr +div(pU) =0, ,o(U; +U- V)U) +Vp=0, p=pg— p(bs + §s2>. (11.8)

Here the mean density of the mixtupeis defined by the formul@ = (1 — «)p because the gas mass is neglected. System
(11.8) is very close to lordansky—Kogarko—van Wijngaarden system [12,14,30] because of the gstimate O(83). The
second equation of (11.7) coincides t¢A3) order with the momentum equation of gas phase proposed by Biesheuvel and van
Wijngaarden [2].

Next we consider system (10.2), (10.3) which is more suitable for comparison with the models describing motions of the
bubbles in an external flow. For the case wiikdoes not vanish at infinity, we use the following scalingdarU and p:

1/2 1/2 1/2
P, P P,
¢=d(ﬁ) &', U=<;°°> v, um=(ﬁ) U, p=Poop.

o o o
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Other variables are scaled similarly to (11.2). Here we can also derive approximate systems expanding nondimensional Egs.
(10.2), (10.3) in powers o8. It follows from these equations that

3
U-Us=0(8%), V& —Ux=0(p?), (1— 7)v¢> =1-aU- %v +0(p).
Neglecting some terms of order(8#) and higher we write the hydrodynamical system in the form

n; +div(inV) =0, 1—-a); —I—diV((l—a)U) =0,

3 - 1—a)?
PHpO+ SV = P+ DUR. bi o2 BT %(v—wZ:o,
<% +(V~V)><f(12_“) (v — U)) —r(% + %(3uOo —V). V)(Vcb ~Us) =0. (11.9)

If the bubble velocity is such that — Us, = O(B), I > 1, we obtain, after dropping some(ﬁf) terms, Rayleigh—Lamb’s
equation and the momentum equation of gas phase in the form

P—Pg
0

3 1
bs+§s2+ Z(V—U)Zzo,

a9 T a
(E +(VV)><§(V—U)> —T(E‘F(V(p .V)>V<D=O

proposed by Voinov and Petrov [28].

Egs. (11.9) are also close to the averaged hydrodynamical equations proposed by Biesheuvel and van Wijngaarden [2].
Rayleigh—Lamb’s equation is the same as that of Biesheuvel and van Wijngaarden. The momentum equation of bubbles is in the
form similar to the fifth equation of (11.9) if we neglect somésd) terms. However, there is a difference in the assumptions
which were used in the derivation of the discussed systems. Our hydrodynamical system describes motions in the bubble cloud
in the case when velocity at infinity vanishes or tends to constant. If some flux terms in the momentum equations of liquid
phase in the Biesheuvel-van Wijngaarden model were derived through calculation of fluctuation terms, system (10.2), (10.3)
was obtained as an exact consequence of of kinetic equations (3.14)—(3.17) with fluctuation terms vanishing identically (see
(5.8), (5.10) and (6.1)) in a chosen class of solutions. It means that the comparison of model (10.2), (10.3) with Biesheuvel-van
Wijngaarden’s equations is correct only for regular flows characterized by very small fluctuations of flow parameters. In this
class we have a good agreement between the models. Notice that the kinetic system has another classes of solutions describing
the motions with great fluctuations.

Summarizing, we can conclude that the hydrodynamical system derived describing particular solutions of kinetic equations
is asymptotically close to known models of bubbly flow.

12. Conclusion

We have derived a kinetic model governing the evolution of gas—liquid mixtures in the case of an ideal fluid and compressible
gas bubbles. The derivation is based on an approximate calculation of the kinetic energy (Hamiltonian of the system) which is
correct toﬁ3 = O(a) where§ is the ratio of the mean bubble radius to the mean distance between bublsi@syoid fraction.

The Vlasov approach has been used to reduce the kinetic description to an equation for the one-particle distribution function and
a system for a self-consistent field describing the mean liquid flow. No special closure relations have been exploited except for
general assumptions commonly used in the derivation of kinetic models. For the limit case of the rigid balls the kinetic equations
by Russo and Smereka [22] and Herrero et al. [11] were discovered. The exact conservation laws of the mass, momentum and
energy were obtained from the Vlasov system.

Hydrodynamical equations have been derived as a consequence of the kinetic equations in a special class of solutions. It
has been shown that the hydrodynamical model can be also obtained as Euler—Lagrange equations for Hamilton’s action with a
special Lagrangian. The equations commonly used for the description of bubbly fluids (models proposed by Caflisch et al. [4],
Foldy [6], Voinov and Petrov [28], lordansky [12], Kogarko [14], van Wijngaarden [30], Biesheuvel and van Wijngaarden [2])
have been discovered in the limit of small volume concentrations.
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Appendix A

Here we find in explicit form the coefficients of quadratic form (2.11). When evaluating the integrals ovr gphere in
the sums in Egs. (1.7) and (1.9), we need to consider only the t¢rmandg;; since the contribution of the remaining terms

is of order higher thais3. It follows from (2.8)—(2.10) that

b3 3/b; 3
2r2 Z(r_j> Bij(X—X;)+0(ﬁ4), i #J,
x X
——L+o(gY). i=j.
Substituting these expressions into (2.11) and dropping higher-order terms we obtain
b3v} . 7
A“=22n/,®//n,df (E) lj/ (X X,)®n dF—_ r—33[/, l;éj and A//Z—El,

ij

since

//n,-d]":O, //(x—x,)@n,-dl“:r,»]. (A1)
I; T
Using (A.1) we evaluate coefficients

b 3(b;)\° bb3 L bj
c,-j=—‘2nj,- ar — - — Bij n; dI' = 2w > nji, i # ], Cjj=—— nde=O.
2rl./. £ 4 Tij e rl.j 2 <
. i i J

In derivation of the expression fdi;; ande;; we use approximations with remainde¢gd) for the trace ofp; onT; (see (2.4),
(2.5), (2.7)):

2n+1 n .
fﬂjlr,-=— Z ) <E) Py (COS0ji), j#i, @jlr; ==bj. (A.2)

To calculate integrals ove; itis convenient to use the spherical coordinaie®);;, A ;; with z-axis directed along j; :
X —X; =ri(sinf;; COSA j;, sind;; Sink j;, cosf;;) = r;n;.
Taking into account that; does not depend any;, we write

2 T
d;; _//ga,n dar = b2/¢/5|n9/,</n dk,,)d@,, =2nb; n,,/q)j cosd;; sinfj; doj;
0 0 0

Substituting the expression far;, we observe that only one term in sum (A.2) corresponding: te 1 gives nonzero
contribution to the integral because of the orthogonalitypfcosd) to P1(cosh) = cosd for n # 1. Then we find

32 7 b3b2
d;;j =—3n’—2]nji/coszesin9d9=— '2] i j.

Obviously,d;; = 0. Similarly, we can take into account only one term in (A.1) corresponding=tc0 in calculation of the
integral:
i b2b?
e,]_//(p]d[’ hb2/¢]S|n9d9——4n L],
0

rij
r J

because of the orthogonality &}, (cosd) = cost and Py(cost) = 1. Fori = j we get
€jj= —47'[b?.

Using the formulae obtained we can write the expression (2.12) for the kinetic energy.
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