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Abstract

Collective behavior of compressible gas bubbles moving in an inviscid incompressible fluid is studied. A kinetic approach
is employed, based on an approximate calculation of the fluid flow potential and formulation of Hamilton’s equations for
generalized coordinates and momenta of bubbles. Kinetic equations governing the evolution of a distribution function of bubbles
are derived. These equations are similar to Vlasov’s equations. Conservation laws which are direct consequences of the kinetic
system are found. It is shown that for a narrowly peaked distribution function they form a closed system of hydrodynamical
equations for the mean flow parameters. The system yields the analogue of Rayleigh–Lamb’s equation governing oscillations
of bubbles. A variational principle for the hydrodynamical system is established and the linear stability analysis is performed.
 2002 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

The motion of a system of compressible bubbles in a fluid is often modeled through averaged equations. The derivation of
these equations is the subject of numerous publications. Various models of this type, differing in additional terms in equations,
which describe interphase interactions and account for real effects are discussed in monographs by Nakoryakov et al. [19],
Nigmatulin [20], Drew and Passman [5] and references therein. Application of the averaging method leads to the difficulties
associated with unclosed system of equations. To avoid these difficulties, additional effective equations are used. Most common
is to consider the equations for the motion of a single bubble in a fluid as closing constitutive relations (e.g., see Iordansky [12],
Kogarko [14], van Wijngaarden [30], Lhuillier [16]).

Other approaches use the methods of statistical physics developed for description of many particle systems. In papers by
Biesheuvel and Gorissen [1], Sangani and Didwania [24], Zhang and Prosperetti [33,34], Bulthuis et al. [3], Kok [15] and others,
effective hydrodynamical equations and constitutive relations were derived by ensemble averaging.

Kinetic models which give the description of bubbly flows in terms of the one-particle bubble number distribution function
have been developed in some recent papers. When the bubbles are considered as rigid massless balls, systems of kinetic
equations have been derived by Russo and Smereka [22], Herrero et al. [11] and Jabin and Perthame [13]. Yurkovetsky
and Brady [32] have studied the dynamics of bubble clustering. Teshukov [25] has derived an approximate kinetic model
for the case of compressible bubbles. Some of the systems of equations obtained are similar to Vlasov’s equations used to
describe plasma flows. In the derivation of these equations, Hamilton’s ordinary differential equations describing the motion of
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a collection of bubbles are employed. The statistical approach can, in principle, give certain basic relations that are postulated
on a phenomenological level.

The aim of the present investigation is to derive kinetic and hydrodynamical systems of equations describing the motion of
compressible gas bubbles in an inviscid incompressible fluid. We focus on the case of an ideal fluid because such a consideration
gives the structure of nonlinear terms for more complicated models.

Outline of the article is as follows. In Section 2 we formulate the system of Hamilton’s equations for generalized coordinates
of spherical bubbles (spatial coordinates of the centers and radii) and the corresponding impulses. This system is easily written
if the potential of the irrotational fluid flow in the region between the bubbles is known. For approximate calculation of the
potential, we use an asymptotic expansion of the solution of the Laplace equation in the small parameter – the ratio of the mean
radius of the bubbles to the mean distance between them. The Lagrange equations describing the evolution of the bubble system
follow from the law of conservation of energy. By a standard transformation, these equations are transformed to Hamilton’s
equations. In Section 3 we write the Liouville equation forN -particle distribution function, average this equation over the
coordinates and momenta ofN − 1 particles, and obtain the analogue of Vlasov’s equations for the single-particle distribution
function. A hydrodynamical interpretation of equations derived is presented in Section 4. Conservation laws following from
the kinetic model are given in Section 5. Here we introduce important average parameters such as the total momentum and the
total energy of the gas–liquid system. Hydrodynamical models giving a description of a class of particular solutions of kinetic
system, and the analogue of Rayleigh–Lamb’s equation are derived in Sections 6, 7. In Section 8 a variational formulation of the
hydrodynamical model is presented. The results of linear analysis are discussed in Section 9. In Section 10 the model is modified
in order to take into account the external uniform flow of the liquid. Finally, in Section 11 approximate hydrodynamical models
are derived and a comparative analysis with classical models is done.

2. Lagrangian formulation for a system of N compressible bubbles in an incompressible fluid

We considerN spherical gas bubbles moving in an unbounded inviscid incompressible fluid. We assume that the fluid flow
in the region between bubbles is irrotational and the velocity vector vanishes as|x| → ∞. The fluid velocity potentialϕ(t,x) is
a solution of the following boundary-value problem:

�ϕ = 0, x ∈Ω = R3
∖⋃

j

Bj ,
∂ϕ

∂n

∣∣∣∣
Γj

= vj · nj + sj , ∇ϕ → 0, |x| → ∞. (2.1)

Here vj (t) = x′
j
(t) are the velocities of the centers of spherical bubbles,sj = b′

j
(t) are the velocities of expansion of the

bubbles,xj (t) are the radius-vectors of the centers,bj (t) are the radii of the bubbles (j = 1, . . . ,N ), Bj andΓj are a ball and
a sphere of radiusbj (t) with center at the pointx = xj (t), respectively, andnj is the unit normal vector toΓj directed to the
fluid. Prime denotes derivative with respect to time. This problem describes the motion of a collection of compressible bubbles
in otherwise quiescent fluid.

The unknown potential of the irrotational flow can be written as

ϕ =
N∑
j=1

(vj ·ψj + sj ϕj ), (2.2)

where, in view of (2.1), the harmonic functionsψj (t,x) andϕj (t,x) satisfy the conditions

∂ψj

∂n

∣∣∣∣
Γk

= δjknj ,
∂ϕj

∂n

∣∣∣∣
Γk

= δjk (2.3)

and their gradients vanish at infinity. Hereδjk are the Kronecker symbols.
Let b̄ be the mean bubble radius andd the mean distance between bubbles. In what follows, we consider a rarefied bubbly

fluid for which β = b̄/d is a small parameter. Using asymptotic expansions in the small parameter, we obtain approximate
values of the flow potential near each bubble.

The functionϕj0 = −b2
j
/rj (rj = |x − xj |), describing the flow induced by monopole, is harmonic outside the ballBj ,

satisfies the condition∂ϕj0/∂n= 1 onΓj and the decay condition for large|x|. In the neighborhood of theith bubble, we have

r2
j = r2

ij

∣∣nji − r−1
ij (x − xi )

∣∣2 = r2
ij

(
1− 2cosθji(ri/rij )+ (ri/rij )

2),
rij = |xi − xj |, nji = (xj − xi )r

−1
ij , cosθji = (x − xi ) · njir

−1
i and ri = |x − xi |.
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Using the generating function

1√
1− 2ζ cosθ + ζ2

=
∞∑
n=0

Pn(cosθ)ζ n

for Legendre polynomialsPn(cosθ) [10] and the representation forrj written above, we obtain the following series expansion
of the functionϕj0:

ϕj0 = −
b2
j

rij

∞∑
n=0

(
ri

bi

)n( bi

rij

)n
Pn(cosθji), (2.4)

which is valid in the neighborhood of theith bubble (ri/rij < 1). Eq. (2.4) forri = bi gives the expansion of the trace of
the functionϕj0 on Γi in powers ofbi/rij . We note that the quantitybi/rij is of orderβ 
 1. It is known that, along with

rnPn(cosθ), the functionr−(n+1)Pn(cosθ) also satisfies the Laplace equation [10]. Consider the harmonic function

ϕji = −
b2
j

rij

∞∑
n=1

n

n+ 1

(
bi

ri

)n+1( bi

rij

)n
Pn(cosθji). (2.5)

Coefficients of this series are chosen in such a way that the condition

∂

∂ri
(ϕj0 + ϕji )= 0 (2.6)

is satisfied onΓi . Let us introduce the function

ϕj = ϕj0 +
∑
i �=j

ϕ
(2)
j i

. (2.7)

Hereϕ(2)
j i

is defined by formula (2.5) where the total sum of the series is replaced by the partial sum of terms up ton= 2. It is

easy to see that∂ϕj /∂n|Γk = δjk+O(β4) by virtue of Eqs. (2.6), (2.7) and the estimatesϕji |Γk = O(β4) and∇ϕji |Γk = O(β4),
i �= k. Hence, the functionϕj defined in (2.7) is an approximate solution of problem (2.3) for the Laplace equation which is

correct toβ3.
To findψj we consider the harmonic function describing the flow induced by dipole

ψj0 =
b3
j

2
∇(r−1

j

)= −1

2

(
bj

rj

)3
(x − xj )

which satisfies the boundary condition

∂ψj0

∂n

∣∣∣∣
Γj

= nj

on the surface of thej th bubble. In the neighborhood of theith bubble,ψj0 admits the following approximate representation

by a partial Taylor series with the remainder of orderβ4:

ψj0 = bj

2

((
bj

rij

)2
nji −

(
bj

rij

)2( ri
bi

)(
bi

rij

)
Bij

(
x − xi
ri

))
+O

(
β4). (2.8)

whereBij = I − 3nji ⊗ nji , I is the unit matrix, anda ⊗ b is the dyad tensor. The harmonic function (which is constructed in
the same way asϕji )

ψji = bj

4

(
bj

rij

)2( bi

rij

)(
bi

ri

)2
Bij

x − xi
ri

(2.9)

satisfies the conditions∂(ψj0 +ψji )/∂n|Γi = 0,ψji |Γk = O(β4) and∇ψji |Γk = O(β4) for i �= k. Using these equalities we
conclude that

ψj = ψj0 +
∑
i �=j

ψji (2.10)

is an approximate solution of problem (2.3) which is correct toβ3 (see also Russo and Smereka [22]). This order of
approximation exactly accounts for pair interactions of the bubbles. In the next terms of expansion we have to consider
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contributions ofψji andϕij on Γk that corresponds to accounting for triple interactions, etc. Notice that ifN is the number

of the bubbles in a volumeL3 then N1/3 ≈ L/d and void fractionα ≈ Nb̄3/L3 ≈ b̄3/d3 = β3. We conclude that our
approximation is correct to order O(α).

As a result, we have obtained an approximate representation of the fluid velocity potential for the specified positionsxj ,
radii bj , translational velocitiesvj and dilatation velocitiessj of bubbles. This enables us to calculate the kinetic energy of the
fluid:

T = ρ

2

∫ ∫
Ω

∫
|u|2 dΩ = −ρ

2

N∑
i=1

∫ ∫
Γi

ϕ
∂ϕ

∂n
dΓ = −ρ

2

N∑
i=1

∫ ∫
Γi

ϕ(vi · ni + si)dΓ.

Hereρ = const is the density of the fluid, the normal vectorni is directed to the fluid. Using (2.2), we can rewriteT as

T = −ρ

2

N∑
j=1

N∑
i=1

(
(vj ·Ajivi )+ sjdij · vi + vj · cij si + sj eij si

)
,

Aji =
∫ ∫
Γi

ψj ⊗ ni dΓ, dij =
∫ ∫
Γi

ϕjni dΓ, cij =
∫ ∫
Γi

ψj dΓ, eij =
∫ ∫
Γi

ϕj dΓ. (2.11)

In evaluation of the coefficients of this quadratic form we use approximate expressions (2.7), (2.10) for the potentialsψj and
ϕj on Γi . The coefficients of quadratic form (2.11) are calculated in Appendix A. This gives the following expression for the
kinetic energy of the fluid:

T = ρ

2

(
N∑
i=1

b3
i

(
2

3
π |vi |2 + 4πs2

i

)
+

N∑
i=1

∑
j �=i

(
4πb2

i bj
bj

rij
si sj + 2πb3

i

(
bj

rij

)2
sj (nji · vi )+ 2πb3

j

(
bi

rij

)2
si (nij · vj )

+ πb3
i

(
bj

rij

)3
(vj ·Bij vi )

))
.

(2.12)

In this formula, the first sum comprises the zero-order terms inβ and the second sum includes terms of ordersβ, β2, andβ3.
An analogous formula for kinetic energy containing the terms O(β2) has been also obtained by Voinov and Golovin [27] and
Garipov [7]. For the case of rigid bubbles of equal radii considered in the paper by Russo and Smereka [22], the formula for
kinetic energy contained only the zeroth and the third-order terms.

In the calculation of the total kinetic energy of the system “fluid–gas bubbles”, we do not take account of the kinetic energy
of the gas, because the gas density is considerably smaller than the fluid density. The law of conservation of energy for the fluid
that occupies the region between the bubbles is written as

dT

dt
=

N∑
i=1

∫ ∫
Γi

(p− P∞)un dΓ.

Herep is the pressure in the fluid,P∞ = const is the pressure at infinity, andun = u · n = ∂ϕ/∂n.
We note that the assumption of sphericity of the bubbles used for an approximate description of the flow simplifies

substantially the problem and makes it possible to determine the main contribution to the variation of the fluid flow potential
caused by oscillations of the bubble volume. In the exact formulation of the problem, the bubble shape must be obtained as a
result of solving the problem with unknown fluid–gas boundary from the condition of equality of the pressures in the gas and
in the fluid onΓi . Therefore, in the approximate description, the formulation of the problem is modified: on the boundary we
require equality of the pressures averaged over the surface.

Let τ be the volume of a bubble. The state of the gas inside of a bubble will be described approximately under the assumption
that the gas density and the gas pressure are constant over the volume. We assume that, initially, all bubbles have the same mass
and temperature. Then they have equal masses at any time and, hence, the pressurepg in a bubble is determined only by its
volumeτ : pg = pg(τ). For the bubbles of equal mass the internal pressure may be a two parameter function (in the case, for
example, when the initial temperature in bubbles differs). To simplify the analysis which follows, we consider here the one
parameter case. Using (2.1), we obtain

N∑
i=1

∫ ∫
Γi

(p − P∞)
∂ϕ

∂n
dΓ =

N∑
i=1

(
vi

∫ ∫
Γi

(p − P∞)n dΓ + si

∫ ∫
Γi

(p− P∞)dΓ

)
. (2.13)
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The integral in the first term of the right-hand side of this equality is zero (the total force exerted on a bubble is equal to zero by
virtue of the law of conservation of momentum). Then taking into account that the pressure depends only on the bubble volume,
we can write Eq. (2.13) in the form

N∑
i=1

∫ ∫
Γi

(p − P∞)
∂ϕ

∂n
dΓ =

N∑
i=1

(
pg(τi)−P∞

) dτi
dt

= −
N∑
i=1

dε(τi )

dt
, ε(τ)=

∞∫
τ

pg(τ)dτ + P∞τ.

It is well known that the problem of motion of a fluid with bubbles is Lagrangian in the case where the flow of the fluid
is completely determined by bubble motion [27]. Exactly this situation is considered in the present paper. Using the law of
conservation of energy, we obtain the Euler–Lagrange equations for the generalized coordinates and corresponding velocities:

d

dt

(
∂L

∂ ẏi

)
− ∂L

∂yi
= 0, L= T −U, U =

N∑
i=1

ε(τi ). (2.14)

Hereyi = (xi , bi )T (i = 1, . . . ,N ) are the vectors with four components.
To convert the Euler–Lagrange equations to the Hamiltonian form, we introduce the Hamiltonian

H = T +U (2.15)

and generalized impulsespi andqi related to generalized coordinatesxi andbi :

pi = ∂T

∂vi
= −ρ

∫
Γi

ϕn dΓ, qi = ∂T

∂si
= −ρ

∫
Γi

ϕ dΓ. (2.16)

Notice that

T = −ρ

2

N∑
i=1

∫ ∫
Γi

ϕ(vi · ni + si)dΓ = 1

2

N∑
i=1

(vi · pi + siqi )

wherepi , qi are given in (2.16). Differentiating approximate expression for kinetic energy (2.12) we obtain explicit formulae
for pi andqi :

pi = ρ

(
2

3
πb3

i vi + 2πb3
i

∑
j �=i

(
bj

rij

)2
sjnji + πb3

i

∑
j �=i

(
bj

rij

)3
Bij vj

)
,

qi = ρ

(
4πb3

i si + 4πb2
i

∑
j �=i

b2
j sj

rij
− 2πb2

i

∑
j �=i

b3
j (nji · vj )

r2
ij

)
. (2.17)

In Hamiltonian form, the equations of the bubble motion are:

dxi
dt

=Hpi ,
dpi
dt

= −Hxi ,
dbi
dt

=Hqi ,
dqi
dt

= −Hbi , (2.18)

whereH is given in (2.15).

3. Derivation of kinetic equations

In the present paper, we consider the collisionless case assuming that the bubbly medium is sufficiently rarefied, so that over
the characteristic time the bubbles collide with each other very rarely. The basic equation of the kinetic model is the law of
conservation of the number of particles during their motion. Consider theN -particle distribution function

f (N)(t,x1, b1,p1, q1, . . . ,xN,bN ,pN,qN )

which, in view of (2.18), satisfies the Liouville equation [17]

f
(N)
t +

N∑
k=1

(
div
xk

(
Hpk f

(N)
)− div

pk

(
Hxk f

(N)
)+ (

Hqkf
(N)

)
bk

− (
Hbkf

(N)
)
qk

)
= 0. (3.1)
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We assume that the distribution function vanishes for largexk , bk , pk , andqk . Eq. (3.1) is an analogue of the hydrodynamic
continuity equation for the motion along the trajectories of system (2.18). The unknown function in this equation depends
on a large number of independent variables, and construction of its solution is, in fact, equivalent to integration of Eqs.
(2.18). Therefore, using the averaging method, we deduce simpler equations that describe the evolution of the single-particle
distribution function defined by

f
(1)
j

(t,xj , bj ,pj , qj )=
∫
f (N) dΩN−1,j . (3.2)

Hereafter we use the notations

dΩi = dpi dqi dbi , dΩN−1,j =
∏
i �=j

dΩi dxi , dΩN−2,j,k =
∏
i �=j,k

dΩi dxi ,

f
(2)
j,k

(t,xj , bj ,pj , qj ,xk, bk,pk, qk)=
∫
f (N) dΩN−2,j,k .

In the following we assume that for anyj, k

f
(1)
j (t,x, b,p, q) = f

(1)
k (t,x, b,p, q) = f (1)(t,x, b,p, q),

f
(2)
j,k (t,xj , bj ,pj , qj ,xk, bk,pk, qk)= f

(1)
j (t,xj , bj ,pj , qj )f

(1)
k (t,xk, bk,pk, qk). (3.3)

Assumptions (3.3) mean that the distribution of different bubbles is described by the same single-particle distribution function
and that the hypothesis of “molecular chaos” is valid (see also [22]). Multiplying Eq. (3.1) by dΩN−1,1 and integrating over

the generalized coordinates and the momenta ofN − 1 particles, we obtain the following equation for the functionf
(1)
1 :

f
(1)
1t + div

x1

(∫
Hp1f

(N) dΩN−1,1

)
− div

p1

(∫
Hx1f

(N) dΩN−1,1

)
+
(∫

Hq1f
(N) dΩN−1,1

)
b1

−
(∫

Hb1f
(N) dΩN−1,1

)
q1

= 0. (3.4)

All other divergence terms are integrated to zero becausef (N) vanishes for great values of arguments. Let us calculate the
integral terms of this equation. SinceHp1 = v1, Hq1 = s1, we have to express integrals∫

v1f
(N) dΩN−1,1 and

∫
s1f

(N) dΩN−1,1

in terms ofx1, b1, p1, q1.
If we multiply Eqs. (2.17) byf (N) dΩN−1,i and integrate with respect to variablesxj , bj , pj , qj having indicesj �= i,

then we obtain the relations∫
vif

(N) dΩN−1,i = 2pi
ρτi

f
(1)
i − 3

∑
j �=i

∫
∇xi

(
1

rij

)(∫
b2
j

(∫
sj f

(N) dΩN−2,i,j

)
dΩj

)
dxj

+ 3

2
lim
ε→0

∑
j �=i

∫
|xi−xj |>ε

∂2

∂x2
i

(
1

rij

)(∫
b3
j

(∫
vj f

(N) dΩN−2,i,j

)
dΩj

)
dxj ,

∫
sif

(N) dΩN−1,i = qi

3ρτi
f
(1)
i − 1

bi

∑
j �=i

∫
1

rij

(∫
b2
j

(∫
sj f

(N) dΩN−2,i,j

)
dΩj

)
dxj

+ 1

2bi

∑
j �=i

∫
∇xi

(
1

rij

)(∫
b3
j

(∫
vj f

(N) dΩN−2,i,j

)
dΩj

)
dxj . (3.5)

Here we have to find the principal values of improper integrals.
Let us show that for any given distribution function Eqs. (3.5) determine functionsṽ(t,x, b,p, q) and s̃(t,x, b,p, q)

satisfying the equalities∫
vj f

(N) dΩN−2,i,j = ṽ(t,xj , bj ,pj )f
(2)
i,j ,

∫
sj f

(N) dΩN−2,i,j = s̃(t,xj , bj ,pj , qj )f
(2)
i,j .

They represent the mean translational and dilatational bubble velocities. After substituting of these expressions into Eqs. (3.5)
by virtue of properties (3.3) we get
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ṽif
(1)
i

=
(

2pi
ρτi

− 3
∑
j �=i

∫
∇xi

(
1

rij

)(∫
b2
j s̃j f

(1)
j

dΩj

)
dxj

+ 3

2
lim
ε→0

∑
j �=i

∫
|xi−xj |>ε

∂2

∂x2
i

(
1

rij

)(∫
b3
j ṽj f

(1)
j

dΩj

)
dxj

)
f
(1)
i

,

s̃if
(1)
i

=
(

qi

3ρτi
− 1

bi

∑
j �=i

∫
1

rij

(∫
b2
j s̃j f

(1)
j

dΩj

)
dxj + 1

2bi

∑
j �=i

∫
∇xi

(
1

rij

)(∫
b3
j ṽj f

(1)
j

dΩj

)
dxj

)
f
(1)
i

,

whereṽj = ṽ(t,xj , bj ,pj , qj ) ands̃j = s̃(t,xj , bj ,pj , qj ).
Let us introducef =Nf (1) which is the density function in phase space satisfying the equalities∫

f dΩ = n,

∫
f dΩ dx =N,

wheren is the number of bubbles per unit volume, dΩ = dp dq db. We define the new functions

ϕ(t,x)= − 1

4π

∫
1

|x − xj |
(

4π
∫
b2
j s̃j fj dΩj

)
dxj ,

ψ(t,x)= − 1

4π

∫
1

|x − xj |
(

−2π
∫
b3
j ṽj fj dΩj

)
dxj ,

wherej is any index. We use the designationfj for f (xj , bj ,pj , qj ). Note that−(4π |x − xj |)−1 is the Green function for

Laplace equation inR3. By using the indistinguishability of particles we write

ṽ(t,xi , bi ,pi , qi ) = 2pi
ρτi

+ 3

(
∇(ϕ(t,xi )+ divψ(t,xi )

)+ 3

2

∫
τ ṽ(t,xi , b,p, q)f (t,xi , b,p, q)dΩ

)
N − 1

N
,

s̃(t,xi , bi ,pi , qi ) = qi

3ρτi
+ 1

bi

(
ϕ(t,xi )+ divψ(t,xi )

)N − 1

N
. (3.6)

In evaluation of the limit in (3.6) we have applied the formula (see also Russo and Smereka [22]):

lim
ε→0

(
− 1

4π

∫
|x−y|>ε

∇x div
x

(
a(y)

|x − y|
)

dy

)
= − 1

4π
∇ div

(∫
a(y)

|x − y| dy
)

− 1

3
a(x). (3.7)

Passing to the limitN → ∞ we obtain a system of equations determining unknown functionsṽ(t,x, b,p, q) and
s̃(t,x, b,p, q)

ṽ = 2p
ρτ

+ 3

(
∇Φ + 1

2

∫
τ ṽf dΩ

)
, s̃ = q

3ρτ
+ Φ

b
,

Φ = ϕ + φ, �ϕ = 4π
∫
b2s̃f dΩ, �φ = −3

2
div

(∫
τ ṽf dΩ

)
, (3.8)

whereφ = divψ , dΩ = dp dq db andτ = 4/3πb3 is the volume of the bubble. To obtain the expressions for functionsṽ and
s̃ in terms ofx, b, p, q, we shall convert Eqs. (3.8). If we multiply the first equality in (3.8) byτf , the second byb2f and
integrate over dΩ , we obtain linear equations which allow us to find

−3

2

∫
τ ṽf dΩ = 1

3α − 2

(
6

ρ

∫
pf dΩ + 9α∇Φ

)
,

4π
∫
b2s̃f dΩ = 1

ρ

∫
q

b
f dΩ + 4πΦ

∫
dΩ, (3.9)

whereα = ∫
τf dΩ is the void fraction of bubbles. Using Eqs. (3.8) and (3.9) we arrive to formulae defining functionsṽ, s̃

depending onp, q, b, x:

ṽ = 2p
ρτ

− 6

3α − 2

(
∇Φ + 1

ρ

∫
pf dΩ

)
, s̃ = q

3ρτ
+ Φ

b
, (3.10)

whereΦ satisfies the equation

�Φ = div

(
6

ρ(3α − 2)

∫
pf dΩ + 9α

3α − 2
∇Φ

)
+ 4πΦ

∫
bf dΩ + 1

ρ

∫
q

b
f dΩ.
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Using formulas obtained we find the integrals in the second and the fourth terms of Eq. (3.4):∫
Hp1f

(N) dΩN−1,1 =
∫

v1f
(N) dΩN−1,1 =

(
2p1

ρτ1
− 6

3α1 − 2

(
∇Φ + 1

ρ

∫
pf dΩ

))
f
(1)
1 ,∫

Hq1f
(N) dΩN−1,1 =

∫
s1f

(N) dΩN−1,1 =
(

q1

3ρτ1
+ Φ

b1

)
f
(1)
1 .

To derive the kinetic equation for the density function in phase spacef (t,x, b,p, q), we have also to find the integrals∫
Hx1f

(N) dΩN−1,1,

∫
Hb1f

(N) dΩN−1,1

involved in the third and the fifth terms of (3.4). In evaluation ofHxi andHbi we use the equalities

Hxi (x1, b1,p1, q1, . . . ,xN ,bN ,pN,qN )= −Lxi (x1, b1,v1, s1, . . . ,xN ,bN ,vN, sN ),

Hbi (x1, b1,p1, q1, . . . ,xN ,bN ,pN,qN )= −Lbi (x1, b1,v1, s1, . . . ,xN ,bN ,vN, sN ).

HereL is the Lagrangian andH is the Hamiltonian.
Integrating the expression for−Lx1f

(N) with respect to variables with indicesj �= 1, we get∫
Hx1f

(N) dΩN−1,1 = ρ

(
4πb2

1s̃1∇Φ + 2πb3
1

(
∂

∂x1

(
∇Φ + 1

2

∫
τ ṽf dΩ

))T
ṽ1

)
f
(1)
1 . (3.11)

Analogous calculations give the following expression for∫
Hb1f

(N) dΩN−1,1 = 4πb2
1

(
ρ

(
− ṽ2

1
4

− 3s̃2
1

2
− 3ṽ1

3α1 − 2
·
(

∇Φ + 1

ρ

∫
pf dΩ

)
+ 2s̃1Φ

b1

)
+ dε

dτ
(τ1)

)
f
(1)
1 . (3.12)

It follows from the formulae above that we can introduce the averaged HamiltonianH̃ (x1, b1,p1, q1) by the relations

H̃p1 = ṽ1, H̃q1 = s̃1, H̃x1f
(1)
1 =

∫
Hx1f

(N) dΩN−1,1, H̃b1f
(1)
1 =

∫
Hb1f

(N) dΩN−1,1. (3.13)

It can be verified that the overdetermined system satisfies the compatibility conditions by virtue of (3.10)–(3.12). As a result,
we derived the kinetic system governing the evolution of the density function in phase space (in the following we omit the tilde
and the subscript “1”):

ft + div
x
(Hpf )+ (Hqf )b − div

p
(Hxf )− (Hbf )q = 0, (3.14)

H(x, b,p, q)= ρτ

4
v2 + 3ρτ

2
s2 + ε(τ), (3.15)

�Φ = 4π
∫
b2sf dΩ − 3

2
div

(∫
τvf dΩ

)
, (3.16)

where

v = 2p
ρτ

− 6

3α − 2

(
∇Φ + 1

ρ

∫
pf dΩ

)
, s = q

3ρτ
+ Φ

b
, α =

∫
τf dΩ. (3.17)

Equation determiningΦ can also be written in the form

�Φ = div

(
6

ρ(3α − 2)

∫
pf dΩ + 9α

3α − 2
∇Φ

)
+ 4πΦ

∫
bf dΩ + 1

ρ

∫
q

b
f dΩ.

It is interesting to note thatH formally looks like the total energy of a single compressible bubble moving in a fluid.
Equations obtained can be used for the derivation of approximate models. If we write the equations in dimensionless

variables

p = ρb̄3V p′, q = ρb̄3V q′, v = V v′, s = V s′, Φ = b̄2

d
VΦ′,

f = 1

ρ4b̄13d3V 4
f ′, b= b̄b′, x = dx′, t = b̄V−1t ′, V =

(
P∞
ρ

)1/2
(3.18)
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then the powers of the small parameterβ = b̄/d appear in the governing equations. Neglecting terms of order O(β4) and higher,
we get an approximate kinetic system (3.14)–(3.16) supplemented by the equations

v = 2p
ρτ

+ 3

(
∇Φ + 1

ρ

∫
pf dΩ

)
, s = q

3ρτ
+ Φ

b
, α =

∫
τf dΩ. (3.19)

In (3.19) we have returned to dimensional variables. If we additionally drop terms of order O(β4) and higher in expression
(3.15) for the Hamiltonian, we obtain an analogue of Russo and Smereka system [22].

Dropping some O(β3) terms in kinetic equations, we obtain another approximate model of the form (3.14)–(3.16) with
Eqs. (3.17) replaced by

v = 2p
ρτ

+ 3∇Φ, s = q

3ρτ
+ Φ

b
. (3.20)

This system is similar to the kinetic equations derived in the case of rigid balls by Herrero et al. [11]. If we formally put
fb = fq = 0, s = 0 andb= const in (3.14)–(3.16) and (3.18), we arrive at the kinetic model for the case of rigid balls [11].

4. Ambient liquid flow

Description obtained admits a simple interpretation. A potential of the mean liquid flow induced by distant monopoles and
dipoles is equal toΦ. The gradient ofΦ gives the velocity induced by distant singularities

u0 = ∇Φ, div u0 = 4π
∫
b2sf dΩ − 3

2
div

(∫
τvf dΩ

)
. (4.1)

We see that the flow potentialΦ represents the averaged linear combination of potentials related to monopoles and dipoles. We
can find the mean pressure by using the Cauchy–Lagrange integral

p = P∞ − ρ

(
Φt + 1

2
(∇Φ)2

)
. (4.2)

From (4.1), (4.2) it follows that the flow induced by distant monopoles and dipoles is governed by irrotational Euler equations
with source terms:

ρ
(
u0t + (u0 · ∇)u0

)+ ∇p = 0,

div u0 = 4π
∫
b2sf dΩ − 3

2
div

(∫
τvf dΩ

)
, rotu0 = 0. (4.3)

Analogously through the averaging of expression for gradient of potentials related to monopoles and dipoles we calculate the
mean velocity of the liquidul :

ul = u0 + 1

2

∫
τvf dΩ.

In derivation of this expression formula (3.7) was used. The first term in the right-hand side of this equality describes
contribution to the velocity field from distant monopoles and dipoles, and the second term represents the contribution induced
by local dipoles. The bubble impulse

p = ρτ

2
(v − 3ul)= ρτ

2
(v − ul)− ρτul (4.4)

is the product of the added massρτ/2 and the velocityv − 3ul . It is known (see, for example, van Wijngaarden [31]) that a
massless sphere moves, in an impulsively generated flow, with three times the velocity that this flow has at the centre of the
sphere. Formula (4.4) agrees with this result whenp = 0. From the other hand, (4.4) shows that the bubble’s impulse is equal to
the difference between relative impulse (which is defined with respect to relative velocityv − ul) and momentum of the liquid
in a volumeτ .

5. Conservation laws for kinetic system

In this section we obtain the continuity equations for the liquid and gas phases, the conservation laws for total momentum
and energy as a consequence of kinetic equation (3.14).
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Integrating (3.14) with respect top, q, b and taking into account thatf vanishes at infinity, we obtain the conservation law
for the bubble number density:

nt + div

(∫
Hpf dΩ

)
= 0. (5.1)

Heren = ∫
f dΩ is the number of the bubbles per unit volume. Next conservation law is obtained after integration of (3.14)

multiplied by 4/3πb3(∫
4

3
πb3f dΩ

)
t

+ div

(∫
4

3
πb3fHp dΩ

)
=
∫

4πb2Hqf dΩ =
∫

4πb2sf dΩ =�ϕ. (5.2)

Taking into account the equality

div

(
∇φ + 3

2

∫
τvf dΩ

)
= 0

(see (3.8)) we derive the equation

αt + div

(∫
τvf dΩ

)
= div

(
u0 + 3

2

∫
τvf dΩ

)
. (5.3)

It is natural to define the mean mass velocityU of the liquid phase:

U = (1− α)−1ul .

Eq. (5.3) can be rewritten as a conservation law for a mass of the liquid(
ρ(1− α)

)
t
+ div

(
ρ(1− α)U

)= 0 (5.4)

flowing with the mean velocityU.
To obtain the conservation law for momentum, we multiply Eq. (3.14) bypi and integrate with respect to variablesp,

b, q: (∫
pif dΩ

)
t

+ div

(∫
piHpf dΩ

)
+
∫
Hxi f dΩ = 0, i = 1,2,3.

Herep = (p1,p2,p3)
T, x = (x1, x2, x3)

T. Taking into account that∫
Hxi f dΩ = div

(
3

2
ρΦxi

∫
τvf dΩ

)
+ ρ�ΦΦxi + 3

8
ρ

(∫
τvf dΩ

)2

xi

,

�ΦΦxi = div(Φxi∇Φ)− 1

2
(∇Φ)2xi , (5.5)

we obtain the conservation law for the total momentum of the bubbles:(∫
pf dΩ

)
t

+ div

(∫
(p ⊗Hp)f dΩ + ρu0 ⊗

(
u0 + 3

2

∫
τvf dΩ

))
+ ∇

(
3

8
ρ

(∫
τvf dΩ

)2
− ρ

2
u2

0

)
= 0. (5.6)

Here the divergence of a second-order tensorA is defined as [21]

div(A)a = div
(
ATa

)
for any constant vectora. In particular,

div(a ⊗ b)= adiv b + ∂a
∂x

b

for any vector fieldsa and b. We note that if a different definition is employed [26]: div(A)a = div(Aa), it is sufficient
to transpose the tensor product to obtain a right expression. Summing Eq. (5.6) with (4.4) written in a conservation
form:

ρu0t + ∇
(
p + ρ

2
u2

0

)
= 0,

we obtain the conservation law for the total momentum of translational motion of gas–liquid system
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pf dΩ + ρu0

)
t

+ div

(∫
(p ⊗Hp)f dΩ + ρu0 ⊗

(
u0 + 3

2

∫
τvf dΩ

))
+ ∇

(
p + 3

8
ρ

(∫
τvf dΩ

)2)
= 0. (5.7)

In the followingV stands for mean value of the bubble’s velocity

V = α−1
∫
τvf dΩ.

Using the identity∫
τ(v ⊗ v)f dΩ = αV ⊗ V +

∫
τ(v − V)⊗ (v − V)f dΩ

we rewrite conservation law (5.7) in the following form:

ρ

((
1− 3α

2

)
(1− α)U

)
t

+ div

(
ρ

(
1− 3α

2

)
(1− α)U ⊗ U + ρα(1− α)

2
(U − V)⊗ (U − V)

)
+ ∇

(
p + 3

8
ρα2V2

)
= −div

∫
ρτ

2
(v − V)⊗ (v − V)f dΩ. (5.8)

Similarly we obtain inhomogeneous conservation law for the momentum of dilatational bubble motion(∫
qf dΩ

)
t

+ div

(∫
qHpf dΩ

)
+
∫
Hbf dΩ = 0.

The energy conservation law can be obtained from Eq. (3.14) if we multiply it byH and integrate with respect to variablesp,
q, b: (∫

Hf dΩ

)
t

+ div

(∫
HHpf dΩ

)
−
∫
Htf dΩ = 0.

To transform to a divergent form, we use formulae similar to (5.5) and arrive at equation(∫
Hf dΩ + ρ

2
u2

0 − 3

8

(∫
τvf dΩ

)2)
t

+ div

(∫
HHpf dΩ +

(
p − P∞ + ρ

u2
0

2

)(
u0 + 3

2

∫
τvf dΩ

))
= 0.

Let us define the internal energy of bubbly liquid per unit volumeE by the relation

E = 1

α

(
3ρ

2

∫
τs2f dΩ +

∫
ε(τ)f dΩ + ρα(1− α)

4
(U − V)2 + ρ

4

∫
τ(v − V)2f dΩ

)
. (5.9)

Here the two first terms represent the pulsation energy and the internal energy of bubbles. The third term gives
the energy of relative motion, and the last term corresponds to energy of bubble velocity fluctuations. Using the
identities∫

τv2f dΩ = αV2 +
∫
τ(v − V)2f dΩ,

α

4
V2 + 1

2
u2

0 − 3

8
α2V2 = 1− α

4

(
α(U − V)2 + (2− 3α)U2),

we write the energy conservation law in the form(
αE + ρ

2
(1− α)

(
1− 3α

2

)
U2
)
t

+ div

((
αE + ρ

2
(1− α)

(
1− 3α

2

)
U2 + p + 3

8
ρα2V2

)
V

+ (1− α)

(
p − P∞ + 1

2
ρ

(
(1− α)U − α

2
V
)2)

(U − V)
)

= −div
∫
τ(H1 −H2)(v − V)f dΩ. (5.10)

HereH1 = τ−1H , H2 = α−1 ∫ τHf dΩ .
In the conservation laws derived the left-hand sides represent the terms related to the mean values of flow parameters. The

terms in the right-hand side and the term in expression (5.9) for internal energy describe the contributions associated with the
fluctuations of flow parameters. These terms can be expressed through the mean parameters if we chose some special form of
the distribution function.
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6. Hydrodynamical equations

For smoothly varying flows the distribution function is narrowly peaked. We shall derive a closed system of hydrodynamical
equations describing such flows. If instability will develop, we have to take into consideration fluctuation terms. Taking into
account that for the distribution function of the form

f = n(t,x)δ
(
p − p(t,x)

)
δ
(
q − q(t,x)

)
δ
(
b− b(t,x)

)
(6.1)

the right-hand sides in (5.8), (5.10) vanish, we obtain the following conservation laws from (5.1), (5.4), (5.8) and (5.10):

nt + div(nV)= 0,
(
ρ(1− α)

)
t
+ div

(
ρ(1− α)U

)= 0,

ρ

((
1− 3α

2

)
(1− α)U

)
t

+ div

(
ρ

(
1− 3α

2

)
(1− α)U ⊗ U + ρα(1− α)

2
(U − V)⊗ (U − V)

)
+ ∇

(
p + 3

8
ρα2V2

)
= 0,(

αE + ρ

2
(1− α)

(
1− 3α

2

)
U2
)
t

+ div

((
αE + ρ

2
(1− α)

(
1− 3α

2

)
U2 + p + 3

8
ρα2V2

)
V

+ (1− α)

(
p − P∞ + 1

2
ρ

(
(1− α)U − α

2
V
)2)

(U − V)
)

= 0. (6.2)

HereU, V, Φ andp are related by the equalities

(1− α)U − α

2
V = ∇Φ, p + ρ

2
(∇Φ)2 = P∞ − ρΦt . (6.3)

System (6.2) complemented by the equations

ρ

(
(1− α)U − α

2
V
)
t

+ ∇
(
p + ρ

2

(
(1− α)U − α

2
V
)2)

= 0, rot

(
(1− α)U − α

2
V
)∣∣∣∣

t=0
= 0 (6.4)

form a closed system of hydrodynamical equations governing motions of the bubbles in an ideal liquid. The last condition
prescribing irrotational initial data provides the equivalence of (6.3) and (6.4). Substituting (6.1) into the equation

αt + div(αV)= 4π
∫
b2sf dΩ

we derive the relation

s = ḃ= bt + (V · ∇)b.
The Galilean invariant part of the energy

E = 3

2
ρ(ḃ)2 + e(τ)+ ρ(1− α)

4
(U − V)2 (6.5)

depends not only onb, but also onḃ and(U − V)2. We introduced here the notatione(τ) for τ−1ε(τ). In a system (6.2), (6.4)
consisting of two vector equations and three scalar equations there are two unknown vectorsU, V and three scalar unknown
functionsb, α, p.

Remark. We see that some coefficients in Eqs. (6.2), (6.4) vanish atα = 2/3. One can expect that the solutions of the system
have singular behavior whenα approaches 2/3. The total energy of the system

αE + ρ

2
(1− α)

(
1− 3α

2

)
U2

can be negative forα > 2/3. This values of gas volume concentration do not belong to the range of our model validation. The
valueα = 2/3 is very close to the limiting volume concentration for a random dense packing of spheres in a volume.
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7. Rayleigh–Lamb’s equation

The oscillations of the bubbles are governed by Rayleigh–Lamb’s equation which is a consequence of conservation laws
(6.2). To show this fact we transform the momentum conservation law to the form:

ρα

2

(
1− 3α

2

)(
Vt + (V · ∇)V)+ 3ρα2

4

(
∂V
∂x

)T
V − 3ρα

4
V div

(
u0 + α

2
V
)

+ 3ρα

4

(
V2∇α − V(V · ∇)α)

+ 3α

2
∇p + 3ρα

2
(u0 · ∇)u0 + 2πρb2sn

((
1− 3α

2

)
V − u0

)
= 0. (7.1)

Transforming the energy conservation law we obtain the equation:

3αρsṡ + 4πb2sn

(
ρ

4
V2 + 3

2
ρs2 + ε′ + p − P∞ + ρ

2
u2

0

)
+ ρα

2

(
1− 3α

2

)
V · Vt + ρα

2
V · ((V · ∇)V)

+ 3α

2
(V · ∇)

(
p − P∞ + ρ

2
u2

0

)
− 3ρα

4
V2 div

(
u0 + α

2
V
)

= 0. (7.2)

Hereṡ = st + (V · ∇)s. Summing Eq. (7.2) with (7.1) multiplied by−V we obtain Rayleigh–Lamb’s equation

bṡ + 3

2
s2 + p − pg

ρ
+ 1

2

(
u0 + 1

2
V
)2

− 3(1− 2α)

8
V2 = 0. (7.3)

Eq. (7.3) allows us to findp as a function ofb, s, ṡ, n, U and V. In a new formulation we obtain the system consisting of
the first three Eqs. (6.2), (6.4) and Rayleigh–Lamb’s equation (7.3) for the pressure. Notice, that Rayleigh–Lamb’s equation
follows immediately from the momentum equation for dilatational bubble motion. Let us rewrite Rayleigh–Lamb’s equation in
the following equivalent form:

bṡ + 3

2
s2 + p − pg

ρ
− (1− α)2

4
(U − V)2 + 3(1− α)2

4
U2 + 3α2

8
V2 = 0. (7.4)

To estimate the asymptotic accuracy of (7.4), we notice that

u0 = ∇Φ = (1− α)U − α/2V

is determined from the equation (see (4.1))

�Φ = 4πb2sn− 3

2
div(αV) (7.5)

and the condition of vanishing ofΦ at infinity. Taking into account that forsn1/3 of order O(1) the right-hand side of (7.5) is
of order O(α2/3), we can conclude thatu0 andU are also of order O(α2/3). It gives the asymptotic estimate O(α4/3) for the
difference between the left-hand sides of (7.4) and the classical Rayleigh–Lamb’s equation (see, for instance, Biesheuvel and
van Wijngaarden [2]):

bṡ + 3

2
s2 + p − pg

ρ
− (1− α)2

4
(U − V)2 = 0.

But we have to keep the small-order terms to conserve Hamiltonian and Lagrangian structures of the system derived.

8. Variational structure of hydrodynamical system

A natural question appears whether hydrodynamical system (6.2), (6.4) has a variational structure. The answer is not obvious
even if the initially formulated problem has this property. Indeed, several hypotheses were used for derivation of the governing
equations. This, in principle, could change the initial structure of the system. Nevertheless, we shall show that the system can
be obtained by using the Lagrangian formulation. In the following it is more convenient to consider the Lagrangian

L= ρ

2
(1− α)

(
1− 3α

2

)
U2 + ρ(1− α)α

4
(U − V)2 + 3

2
ρα(ḃ)2 − αe(τ) (8.1)

as function of variables:

ρl = (1− α)ρ, ρg = n, jl = ρlU, jg = ρgV, τ = 4

3
πb3, τ̇ = ∂τ

∂t
+ jg
ρg

· ∇τ. (8.2)
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Notice, thatn has no the dimension of density, but its product with the mass has. We can express the specific volumeτ in terms
of ρl andρg :

τ = α

n
= ρ − ρl

ρρg
. (8.3)

The Lagrangian (8.1) considered as function of variables (8.2) is:

L(ρl, ρg, jl , jg, τ, τ̇ )=
(

1− 3τρg
2

)
j2l

2ρl
+ ρlτρg

4

(
jl
ρl

− jg
ρg

)2
+ ρρg

8πb
(τ̇ )2 − ρgε(τ). (8.4)

Substituting expressions forτ andb following from (8.2), (8.3), we can write a general form of the Lagrangian:

L̃

(
ρl, ρg, jl , jg,

∂ρl

∂t
,∇ρl, ∂ρg

∂t
,∇ρg

)
= L(ρl, ρg, jl , jg, τ, τ̇ ). (8.5)

Next we obtain hydrodynamical system (6.2), (6.4) from Hamilton’s principle of stationary action. This principle states that
the Hamilton action

a =
∫
Ldt dx

is stationary with respect to arbitrary variations of fluid particle displacements satisfying the constraints

∂ρκ

∂t
+ div jκ = 0, κ = l, g. (8.6)

Here the integral is taken over the whole volume of the fluid. We shall show that system (6.2), (6.4) determines “potential
solutions” of the Euler–Lagrange equations written for the constrained Lagrangian (8.4) (the notion of “potentiality” will be
defined below). We shall not use the conventional method of Lagrange multipliers. Instead of it we integrate the constraints
in Lagrangian coordinates and solve them with respect to the densities (see, for example, Salmon [23] for Euler equations,
Gavrilyuk and Gouin [8] for two-fluid equations).

For this, we consider two smooth one-parameter families of virtual motions:

x =Φκ (Xκ , t, λκ), κ = l, g,

where Xκ are the Lagrangian coordinates of each component, andλκ are small parameters. It is supposed thatλκ = 0,
correspond to the real motion of the continua

x = ϕκ (Xκ , t), κ = l, g.

The virtual displacements

ξκ (x, t)= ∂Φκ (Xκ , t,0)

∂λκ
, Xκ = ϕ−1

κ (x, t), κ = l, g,

are supposed to be functions with compact support. Variations of dependent variablesρκ andjκ in Eulerian coordinates can be
expressed in terms ofξκ :

δκρκ = −div(ρκξκ ).

This formula can be derived from the mass conservation laws (8.6) integrated in Lagrangian coordinates

ρκ det

(
∂x
∂Xκ

)
= ρκ0(Xκ ), κ = l, g.

The space variation ofjκ admit the representation [8, Appendix B]:

δκ jκ = ∂ρκξκ
∂t

+ div(ξκ ⊗ jκ − jκ ⊗ ξκ ).

Taking into account that the virtual displacementsξκ vanish at the boundary and using the divergence theorem, we represent
the variations of the Hamilton action as the linear functional overξκ :

δκa = da

dλκ

∣∣∣∣
λκ=0

= δκ

∫
L̃

(
ρl, ρg, jl , jg,

∂ρl

∂t
,∇ρl ,

∂ρg

∂t
,∇ρg

)
dt dx =

∫ (
δL̃

δρκ
δκρκ + ∂L̃

∂jκ
· δκ jκ

)
dt dx

=
∫
(Rκδκρκ + Kκ δκ jκ )dt dx = −

∫ (
ρκ

∂Kκ

∂t
+ rotKκ ∧ jκ − ρκ∇Rκ

)
ξκ dt dx = 0. (8.7)
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Here

δL̃

δρκ
= ∂L̃

∂ρκ
− ∂

∂t

(
∂L̃

∂(∂ρκ/∂t)

)
− div

(
∂L̃

∂∇ρκ
)
, Rκ = δL̃

δρκ
, Kκ = ∂L̃

∂jκ
. (8.8)

From (8.7) by virtue of arbitrariness ofξκ , we get the equations of the motion:

ρκ
∂Kκ

∂t
+ rotKκ ∧ jκ − ρκ∇Rκ = 0, κ = l, g. (8.9)

In the case of irrotational (potential) motions which are defined by the relation (see Gavrilyuk and Gouin [8] and Gavrilyuk and
Teshukov [9])

rotKκ = 0,

Eqs. (8.9) are written in conservative form. In general case only the total momentum and the total energy are conserved
(Noether’s theorem). Summing (8.9) we obtain the conservation law for total momentum:

∂

∂t

( ∑
κ=l,g

(
ρκKκ − ∂L̃

∂(∂ρκ/∂t)
∇ρκ

))
+ div

( ∑
κ=l,g

(
Kκ ⊗ jκ − ∇ρκ ⊗ ∂L̃

∂∇ρκ
)

+
(
L̃−

∑
κ=l,g

(ρκRκ + Kκ · jκ )
)
I

)
= 0. (8.10)

Linear combination of Eqs. (8.9) with multipliesU andV gives the conservation law for total energy:

∂

∂t

( ∑
κ=l,g

(
Kκ · jκ + ∂ρκ

∂t

∂L̃

∂(∂ρκ/∂t)

)
− L̃

)
+ div

( ∑
κ=l,g

(
−Rκ jκ + ∂ρκ

∂t

∂L̃

∂∇ρκ
))

= 0. (8.11)

Let us write the Euler–Lagrange equations for the Lagrangian (8.4) in explicit form. Evaluating

Kl = ∂L̃

∂jl
= ∂L

∂jl
=
(

1− 3α

2

)
jl
ρl

+ α

2

(
jl
ρl

− jg
ρg

)
= (1− α)U − α

2
V = u0

we see that the velocity conjugated to the fluid momentumjl coincides with the induced fluid velocityu0. Notice that ifu0 is
irrotational then the momentum equation (8.8) forκ = l is in conservative form. Let us show that in this caseRl is equal to

−
(
p − P∞

ρ
+ u2

0
2

)
.

Indeed, referring to (8.4), (8.5) we get

Rl = δL̃

δρl
= ∂L

∂ρl
+ δL

δτ

∂τ

∂ρl
= ∂L

∂ρl
− 1

nρ

δL

δτ
. (8.12)

Evaluating the partial derivative ofL(ρl, ρg, jl , jg, τ, τ̇ ),

∂L

∂ρl
= −

(
1− 3α

2

)
j2l

2ρ2
l

+ nτ

4

(
jl
ρl

− jg
ρg

)2
+ ρlα

2

(
jl
ρl

− jg
ρg

)(
− jl
ρ2
l

)
= α

4
V2 − (1− α)

2
U2,

and the term

− 1

nρ

δL

δτ
= − 1

nρ

(
− 3n

4ρl
j2l + nρl

4

(
jl
ρl

− jg
ρg

)2
− nρτ̇2

8πb2
1

4πb2
− n

dε

dτ
− ∂

∂t

(
nρτ̇

4πb

)
− div

(
nρτ̇

4πb
V
))

= 3(1− α)

4
U2 − (1− α)

4
(U − V)2 + 1

ρ

dε

dτ
+ bb̈+ 3

2
ḃ2,

we arrive at the final expression for

Rl = α

4
V2 − (1− α)

2
U2 + 3(1− α)

4
U2 − (1− α)

4
(U − V)2 + 1

ρ

dε

dτ
+ bb̈+ 3

2
ḃ2

= α

4
V2 + (1− α)

4
U2 − (1− α)

4
(U − V)2 + 1

ρ

dε

dτ
+ bb̈ + 3

2
ḃ2.
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If we prove that

Rl +
u2

0
2

= P∞ − p

ρ
(8.13)

then the equation

∂Kl

∂t
− ∇Rl = 0 (8.14)

is equivalent to (6.4). It is easy to see that (8.13) is equivalent to Rayleigh–Lamb’s equation (7.3). This proves the equivalence
of (6.4) and (8.14).

Taking into account that the total momentum∑
κ=l,g

(
ρκKκ − ∂L̃

∂(∂ρκ/∂t)
∇ρκ

)
is equal to

ρl
∂L

∂jl
+ n

∂L

∂jg
+ ∂L

∂τ̇
∇τ − ∂L

∂τ̇

(
∂τ

∂ρl
∇ρl + ∂τ

∂n
∇n
)

= ρl
∂L

∂jl
+ n

∂L

∂jg
= ρl(1− α)U − αρl

2
V − αρl

2
(U − V)

= ρ(1− α)

(
1− 3α

2

)
U,

we see that the conserved quantity in (8.10) is the total momentum presenting in the system (6.2). Notice that the total
momentum does not depend onV. Next we show that the flux(

Kκ ⊗ jκ − ∇ρκ ⊗ ∂L̃

∂∇ρκ
)

+
(
L̃−

∑
κ=l,g

(ρκRκ + Kκ · jκ )
)
I (8.15)

coincides with the flux

ρ

(
1− 3α

2

)
(1− α)U ⊗ U + ρα(1− α)

2
(U − V)⊗ (U − V)+

(
p − P∞ + 3

8
ρα2V2

)
I (8.16)

of the third equation of system (6.2). To prove this, we compare independently the dyad terms and diagonal tensors. We have:

Kl = ∂L̃

∂jl
= ∂L

∂jl
= (1− α)U − α

2
V = u0, Kg = ∂L̃

∂jg
= ∂L

∂jg
+ ∂L

∂τ̇

∇τ
ρg

,

Rl = δL̃

δρl
= ∂L

∂ρl
+ δL

δτ

∂τ

∂ρl
= ∂L

∂ρl
− 1

ρρg

δL

δτ
,

Rg = δL̃

δρg
= ∂L

∂ρg
+ δL

δτ

∂τ

∂ρg
− 1

ρg

∂L

∂τ̇
∇τV = ∂L

∂ρg
+ δL

δτ

∂τ

∂ρg
− 1

ρg

∂L

∂τ̇
∇τV.

Substitution of above expressions into (8.15) gives(
Kκ ⊗ jκ − ∇ρκ ⊗ ∂L̃

∂∇ρκ
)

=
∑
κ=l,g

∂L

∂jκ
⊗ jκ =

(
(1− α)U − α

2
V
)

⊗ ρlU − ρlτ

2
(U − V)⊗ ρgV

= ρl

(
1− 3α

2

)
U ⊗ U + ρlα

2
(U − V)⊗ (U − V).

We see that the dyad part of flux (8.15) and (8.16) coincide. We can write the following expression for a spherical part of the
flux (8.15)

L̃−
∑
κ=l,g

(ρκRκ + Kκ · jκ )

= L− ρl

(
∂L

∂ρl
+ δL

δτ

∂τ

∂ρl

)
− ρg

(
∂L

∂ρg
+ δL

δτ

∂τ

∂ρg
− 1

ρg

∂L

∂τ̇
∇τV

)
− ∂L

∂jl
· jl − ∂L

∂jg
· jg − ∂L

∂τ̇
∇τ · V

= L− ρl
∂L

∂ρl
− ρg

∂L

∂ρg
− ∂L

∂jl
· jl − ∂L

∂jg
· jg + 1

ρg

δL

δτ
.
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It has been shown that

1

ρg

δL

δτ
= p −P∞ + ρ

(
∂L

∂ρl
+ u2

0
2

)
.

The spherical parts of (8.15), (8.16) coincide if

L− ρl
∂L

∂ρl
− ρg

∂L

∂ρg
− ∂L

∂jl
· jl − ∂L

∂jg
· jg + ρ

(
∂L

∂ρl
+ u2

0
2

)
= 3

8
ρα2V2. (8.17)

Since the LagrangianL(ρl, ρg, jl , jg, τ, τ̇ ) is a quadratic function of the momentajκ we obtain the equality

L− ∂L

∂jl
· jl − ∂L

∂jg
· jg = −

((
1− 3τρg

2

)
j2l

2ρl
+ ρlτρg

4

(
jl
ρl

− jg
ρg

)2)
+ ρρg

8πb
(τ̇ )2 − ρgε(τ). (8.18)

Remaining terms in (8.17) are evaluated as

−ρl ∂L
∂ρl

− ρg
∂L

∂ρg
+ ρ

(
∂L

∂ρl
+ u2

0
2

)

= ρα
∂L

∂ρl
− ρg

∂L

∂ρg
+ ρ

u2
0

2

= ρα

(
−
(

1− 3α

2

)
U2

2
+ α

4

(
jl
ρl

− jg
ρg

)2
+ ρlα

2

(
jl
ρl

− jg
ρg

)
·
(

− jl
ρ2
l

))

− ρg

(
−3τ

2

j2
l

2ρl
+ ρlτ

4

(
jl
ρl

− jg
ρg

)2
+ ρlρgτ

2

(
jl
ρl

− jg
ρg

)
· jg
ρ2
g

+ ρ

8πb
(τ̇ )2 − ε(τ)

)
+ ρ

u2
0

2
. (8.19)

Summing Eqs. (8.18) and (8.19) we derive equality (8.17). So, the momentum equations of the system (6.2) follow from the
Hamilton principle.

It should be noted that the variational principle obtained can be also used for the description of rotational motions
(rotKκ �= 0).

9. Linear waves

Consider small perturbations of the uniform state:

u0 = δũ0, V = δṼ, p = p0 + p̃ = P∞ + p̃, n= n0 + δñ, b= b0 + δb̃,

δ is a small parameter,b0 = const , n0 = const , p0 = pg(τ0). The linearized system (6.2), (6.4) is

ñt + n0 div Ṽ = 0, 3α0b̃t = b0 div

(
ũ0 + 3α0

2
Ṽ
)
,

ρ

3

(
1− 3α0

2

)
Ṽt + ∇p̃ = 0,

ρũ0t + ∇p̃ = 0, rotũ0 = 0, b̃t t + ω2
r b̃ = − p̃

ρb0
. (9.1)

Here

ω2
r = − 3τ0

ρb2
0

dpg
dτ

(τ0)

is a resonance bubble’s frequency,α0 = n0τ0, τ0 = 4/3b3
0. The Fourier transform of (9.1) is:

bt = − b0

3α0

(
ik · u0 + 3iα0

2
k · V

)
, Vt = 6ik

ρ(2− 3α0)
p, u0t = ik

p

ρ
, k ∧ u0 = 0,

bt t = −ω2
r b− p

ρb0
, nt = in0(k · V). (9.2)
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Herek is the wave vector. The general solution of (9.2) is a linear combination of exponents e−iωt with ω being a root of the
dispersion relation

ω2 = ω2
r

2b2
0(1+ 3α0)|k|2

3α0(2− 3α0)+ 2b2
0(1+ 3α0)|k|2 (9.3)

orω = 0. For 0< α0 < 2/3 the dispersion relation (9.3) shows thatω2 <ω2
r for any finite|k| and thatω2 → ω2

r in a short wave
limit ( |k| → ∞). The equilibrium sound velocity corresponding to the propagation of long waves (|k| → 0) is:

C2
e = lim|k|→0

ω2

|k|2 = b2
0ω

2
r

2(1 + 3α0)

3α0(2− 3α0)
. (9.4)

The phase velocityC = ω/|k| satisfies the inequalityC2(|k|) < C2
e for |k|> 0 and monotonically decreases to zero as|k| → ∞.

Forα0 > 2/3 the wave modes become unstable for sufficiently small wave numbers.
It follows from (9.4) thatC2

e → +∞ asα0 → 0 (the limit of pure fluid) orα0 → 2/3 (the limit of the dense packing).
It is interesting to compare formula (9.4) with Wood’s and Crespo’s formulae:

C2
ew = γp0

ρα0(1− α0)
, C2

ec = γp0(1+ 2α0)

ρα0(1− α0)
.

Hereγ is the polytropic exponent. These formulae can be found, for example, in Miksis and Ting [18]. Formula (9.4) can be
also rewritten as

C2
e = 2(1+ 3α0)γp0

ρα0(2− 3α0)
.

Expanding in smallα we have

C2
ew ≈ γp0

ρα0
(1+ α0), C2

ec ≈ γp0

ρα0
(1+ 3α0), C2

e ≈ γp0

ρα0

(
1+ 9

2
α0

)
.

We see that (9.4) gives a greater value of the sound velocity. Note that Wang and Smereka [29] have recently obtained effective
hydrodynamical equations for bubbly liquids which give Crespo’s formula in the long wave limit.

10. Motion of bubbles in a flow with uniform velocity

System (6.2), (6.4) describes the motion of the bubbles in the case when liquid velocity vanishes at infinity. To obtain the
equations governing the motion of bubbles in a liquid which flows with a given constant velocity at infinity we apply Galilean
transformation

x′ = x + U∞t, U′ = U + U∞, V′ = V + U∞ (10.1)

to Eqs. (6.2), (6.4). HereU∞ is the fluid velocity at infinity. The conservation law

Ft + div G = 0

transforms into

Ft + (U∞ · ∇)F + div G = Ft + div(G + FU∞)= 0,

whereF andG have to be expressed through the variables with primes.
Transformed system governing bubbly flow is as follows (primes are omitted):

nt + div(nV)= 0,
(
ρ(1− α)

)
t
+ div

(
ρ(1− α)U

)= 0,

ρ

((
1− 3α

2

)
(1− α)(U − U∞)

)
t

+ div

(
ρ

(
1− 3α

2

)
(1− α)(U − U∞)⊗ U + ρα(1− α)

2
(U − V)⊗ (U − V)

)
+ ∇

(
p + 3

8
ρα2(V − U∞)2

)
= 0,(

αE + ρ

2
(1− α)

(
1− 3α

2

)
(U − U∞)2

)
t



V.M. Teshukov, S.L. Gavrilyuk / European Journal of Mechanics B/Fluids 21 (2002) 469–491 487

+ div

((
αE + ρ

2
(1− α)

(
1− 3α

2

)
(U − U∞)2

)
V +

(
p + 3

8
ρα2(V − U∞)2

)
(V − U∞)

+ (1− α)

(
p − P∞ + 1

2
ρ

(
(1− α)U − α

2
V −

(
1− 3α

2

)
U∞

)2)
(U − V)

)
= 0. (10.2)

Taking into account that (10.1) yields the following transformation law foru0

u′
0 = u0 +

(
1− 3α

2

)
U∞ = (1− α)U − α

2
V +

(
1− 3α

2

)
U∞

we rewrite Eqs. (6.4) in a new coordinate system (primes are omitted):

ρ

(
(1− α)U − α

2
V + 3α

2
U∞

)
t

+ ∇
(
p + ρ

2

(
(1− α)U − α

2
V + 3α

2
U∞

)2)
= 0,

rot

(
(1− α)U − α

2
V + 3α

2
U∞

)∣∣∣∣
t=0

= 0.

It follows from these equations that there exists a potentialΦ such that

(1− α)U − α

2
V + 3α

2
U∞ = ∇Φ, −ρ

(
Φt + 1

2
(∇Φ)2

)
= p − P∞ − ρU2∞

2
. (10.3)

The system (10.2)–(10.3) is Galilean invariant (U∞ transforms also). A generalized Rayleigh–Lamb’s equation (7.4) takes the
form

bṡ + 3

2
s2 + p − pg

ρ
− (1− α)2

4
(U − V)2 + 3(1− α)2

4
(U − U∞)2 + 3α2

8
(V − U∞)2 = 0.

11. Approximate hydrodynamical models

In the derivation of kinetic and hydrodynamical equations the series expansion of the flow potential in powers of small
parameterβ = b̄/d = O(α1/3) was used. The equations were derived with the error of order O(βl ), l > 3. To compare our
hydrodynamical model with others, it is useful to expand (6.2), (6.3) in powers ofβ. Introducing dimensionless variables
x′, b′, t ′, Φ′, V′, s′ similarly to (3.18), andU′, p′, p′

g, n
′, α′, as follows:

U = β2
(
P∞
ρ

)1/2
U′, p − P∞ = βP∞p′, pg = P∞p′

g, n= 1

d3
n′, α = β3α′,

we rewrite Eqs. (6.2), (6.3) in dimensionless form(
1− β3α′)U′ − βα′

2
V′ = ∇′Φ′, p′ +Φ′

t ′ + β3

2
(∇′Φ′)2 = 0,

n′
t ′ + β div′(n′V′)= 0, α′

t ′ − div′((1− β3α′)U′)= 0,((
V′ − 3β2(1− β3α′)U′)

t ′ + β(V′ · ∇′)
(
V′ − 3β2(1− β3α′)U′))+ 3s′

b′
(
1− β3α′)(V′ − β2U′)

+ 3β3(V′ · ∇′)
((

1− β3α′)U′ − βα′
2

V′
)

+ 3β4

8
∇(α′2V′2)= 0,

b′ ṡ′ + 3

2
s′2 + 1− p′

g + βp′ − (1− β3α′)2
4

(
V′ − β2U′)2 + 3β4(1− β3α′)2

4
U′2 + 3α′2

8
β6V′2 = 0,

s′ = b′
t ′ + β(V′ · ∇′)b′, ṡ′ = s′t ′ + β(V′ · ∇′)s′. (11.1)

We will distinguish “fast” and “slow” bubble motions. A “fast” motion is characterized by the asymptoticsV = O(1) or
V = O(β). In a “slow” motionV = O(β2) (it is sufficient to fulfill these asymptotics att = 0). In the following we consider the
“fast” motion V = O(1) as a main flow, showing the changes in equations which appear for other asymptotics.

Equations of O(βl) order of approximation are obtained by dropping of some O(βl+1) terms in (7.4). To a lower order of
accuracy O(1) we derive the system

nt = 0, (τV)t = 0, U = ∇Φ, p− P∞ = −ρΦt , �Φ = αt ,

bṡ + 3

2
s2 + P∞ − pg

ρ
− ρ

4
V2 = 0, s = bt , ṡ = st (11.2)
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that describes the motions of noninteracting bubbles (we have returned to dimensional variables in (11.2)). Integrating the first
two equations of (11.2) we find

n= n0(x), V = τ0(x)
τ

V0(x).

Hereτ0(x), V0(x), n0(x), are the initial values of the volume, velocity and bubble number density. The bubble radius is obtained
by integrating Rayleigh–Lamb’s equation. The pressure in liquid induced by the bubble motions can be found from (11.2) after
integration of Poisson’s equation forΦ. No influence of the induced pressure on the bubble motion is observed.

The O(β) approximation of (11.1) written in dimensional variables

nt + div(nV)= 0, (τV)t + (V · ∇)(τV)= 0,

U − α

2
V = ∇Φ, p − P∞ = −ρΦt , div U = αt ,

bṡ + 3

2
s2 + p − pg

ρ
− 1

4
V2 = 0, s = bt + (V · ∇)b, ṡ = st + (V · ∇)s (11.3)

accounts for induced pressure effect on the bubble radius oscillations. For the caseV = O(βl), l = 1,2, we can simplify system
(11.3) to

nt = 0, (τV)t = 0, U = ∇Φ, p− P∞ = −ρΦt , �Φ = αt , bṡ + 3

2
s2 + p −pg

ρ
= 0,

s = bt , ṡ = st . (11.4)

We obtain from (11.4) the system

4πρn0
(
b2s

)
t
= −�p, ρ

(
bst + 3

2
s2
)

− pg = −p (11.5)

coinciding in the limit of incompressible liquid with approximate equations derived by Caflisch et al. [4]. System (11.5) reduces
to Foldy’s equations [6] under assumption that the bubble oscillations are small.

More detailed description of the induced pressure and added mass effects is attained if we use O(β2) approximation of (11.1):

nt + div(nV)= 0,

(
τ

2
(V − U)

)
t

+ (V · ∇)
(
τ

2
(V − U)

)
− τ

(
Ut + (V · ∇)U)= 0,

U − α

2
V = ∇Φ, p = P∞ − ρΦt , div(U + αV)= 3αs

b
,

bṡ + 3

2
s2 + p − pg

ρ
− 1

4
(V − U)2 = 0. (11.6)

In the case of the “slow” bubble motion we can rewrite (11.6) in the form

nt = 0,

(
τ

2
(V − U)

)
t

− τUt = 0, U = ∇Φ, ρΦt + ρ

2
(∇Φ)2 + p = P∞,

(1− α)t + div
(
(1− α)U

)= 0, bṡ + 3

2
s2 + p − pg

ρ
= 0. (11.7)

The last three equations can be rewritten as

ρ̃t + div(ρ̃U)= 0, ρ
(
Ut + (U · ∇)U)+ ∇p = 0, p = pg − ρ

(
bṡ + 3

2
s2
)
. (11.8)

Here the mean density of the mixturẽρ is defined by the formulãρ = (1 − α)ρ because the gas mass is neglected. System
(11.8) is very close to Iordansky–Kogarko–van Wijngaarden system [12,14,30] because of the estimateρ̃ − ρ = O(β3). The
second equation of (11.7) coincides to O(β2) order with the momentum equation of gas phase proposed by Biesheuvel and van
Wijngaarden [2].

Next we consider system (10.2), (10.3) which is more suitable for comparison with the models describing motions of the
bubbles in an external flow. For the case whenU does not vanish at infinity, we use the following scaling forΦ, U andp:

Φ = d

(
P∞
ρ

)1/2
Φ′, U =

(
P∞
ρ

)1/2
U′, U∞ =

(
P∞
ρ

)1/2
U′∞, p = P∞p′.
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Other variables are scaled similarly to (11.2). Here we can also derive approximate systems expanding nondimensional Eqs.
(10.2), (10.3) in powers ofβ. It follows from these equations that

U − U∞ =O
(
β2), ∇Φ − U∞ =O

(
β2), (

1− 3α

2

)
∇Φ = (1− α)U − α

2
V +O

(
β5).

Neglecting some terms of order O(β4) and higher we write the hydrodynamical system in the form

nt + div(nV)= 0, (1− α)t + div
(
(1− α)U

)= 0,

p+ ρΦt + ρ

2
(∇Φ)2 = P∞ + ρ

2
U2∞, bṡ + 3

2
s2 + p − pg

ρ
− (1− α)2

4
(V − U)2 = 0,(

∂

∂t
+ (V · ∇)

)(
τ(1− α)

2
(V − U)

)
− τ

(
∂

∂t
+ 1

2
(3U∞ − V) · ∇

)
(∇Φ − U∞)= 0. (11.9)

If the bubble velocity is such thatV − U∞ = O(βl), l � 1, we obtain, after dropping some O(β3) terms, Rayleigh–Lamb’s
equation and the momentum equation of gas phase in the form

bṡ + 3

2
s2 + p − pg

ρ
− 1

4
(V − U)2 = 0,(

∂

∂t
+ (V · ∇)

)(
τ

2
(V − U)

)
− τ

(
∂

∂t
+ (∇Φ · ∇)

)
∇Φ = 0

proposed by Voinov and Petrov [28].
Eqs. (11.9) are also close to the averaged hydrodynamical equations proposed by Biesheuvel and van Wijngaarden [2].

Rayleigh–Lamb’s equation is the same as that of Biesheuvel and van Wijngaarden. The momentum equation of bubbles is in the
form similar to the fifth equation of (11.9) if we neglect some O(β3) terms. However, there is a difference in the assumptions
which were used in the derivation of the discussed systems. Our hydrodynamical system describes motions in the bubble cloud
in the case when velocity at infinity vanishes or tends to constant. If some flux terms in the momentum equations of liquid
phase in the Biesheuvel–van Wijngaarden model were derived through calculation of fluctuation terms, system (10.2), (10.3)
was obtained as an exact consequence of of kinetic equations (3.14)–(3.17) with fluctuation terms vanishing identically (see
(5.8), (5.10) and (6.1)) in a chosen class of solutions. It means that the comparison of model (10.2), (10.3) with Biesheuvel–van
Wijngaarden’s equations is correct only for regular flows characterized by very small fluctuations of flow parameters. In this
class we have a good agreement between the models. Notice that the kinetic system has another classes of solutions describing
the motions with great fluctuations.

Summarizing, we can conclude that the hydrodynamical system derived describing particular solutions of kinetic equations
is asymptotically close to known models of bubbly flow.

12. Conclusion

We have derived a kinetic model governing the evolution of gas–liquid mixtures in the case of an ideal fluid and compressible
gas bubbles. The derivation is based on an approximate calculation of the kinetic energy (Hamiltonian of the system) which is
correct toβ3 = O(α) whereβ is the ratio of the mean bubble radius to the mean distance between bubbles,α is a void fraction.
The Vlasov approach has been used to reduce the kinetic description to an equation for the one-particle distribution function and
a system for a self-consistent field describing the mean liquid flow. No special closure relations have been exploited except for
general assumptions commonly used in the derivation of kinetic models. For the limit case of the rigid balls the kinetic equations
by Russo and Smereka [22] and Herrero et al. [11] were discovered. The exact conservation laws of the mass, momentum and
energy were obtained from the Vlasov system.

Hydrodynamical equations have been derived as a consequence of the kinetic equations in a special class of solutions. It
has been shown that the hydrodynamical model can be also obtained as Euler–Lagrange equations for Hamilton’s action with a
special Lagrangian. The equations commonly used for the description of bubbly fluids (models proposed by Caflisch et al. [4],
Foldy [6], Voinov and Petrov [28], Iordansky [12], Kogarko [14], van Wijngaarden [30], Biesheuvel and van Wijngaarden [2])
have been discovered in the limit of small volume concentrations.
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Appendix A

Here we find in explicit form the coefficients of quadratic form (2.11). When evaluating the integrals over theith sphere in
the sums in Eqs. (1.7) and (1.9), we need to consider only the termsψji andϕji since the contribution of the remaining terms

is of order higher thanβ3. It follows from (2.8)–(2.10) that

ψj |Γi =


b3
j

2r2
ij

nji − 3

4

(
bj

rij

)3
Bij (x − xi )+O

(
β4), i �= j ,

−x − xj
2

+O
(
β4), i = j .

Substituting these expressions into (2.11) and dropping higher-order terms we obtain

Aji =
b3
j

2r2
ij

nji ⊗
∫ ∫
Γi

ni dΓ − 3

4

(
bj

rij

)3
Bij

∫ ∫
Γi

(x − xi )⊗ ni dΓ = −π
b3
j
b3
i

r3
ij

Bij , i �= j and Ajj = − τj

2
I,

since ∫ ∫
Γi

ni dΓ = 0,
∫ ∫
Γi

(x − xi )⊗ ni dΓ = τi I. (A.1)

Using (A.1) we evaluate coefficients

cij =
b3
j

2r2
ij

nji

∫ ∫
Γi

dΓ − 3

4

(
bj

rij

)3
Bij

∫ ∫
Γi

ni dΓ = 2π
b2
i b

3
j

r2
ij

nji , i �= j, cjj = −bj

2

∫ ∫
Γj

nj dΓ = 0.

In derivation of the expression fordij andeij we use approximations with remainder O(β4) for the trace ofϕj onΓi (see (2.4),
(2.5), (2.7)):

ϕj |Γi = −
b2
j

rij

2∑
n=0

2n+ 1

n+ 1

(
bi

rij

)n
Pn(cosθji), j �= i, ϕj |Γj = −bj . (A.2)

To calculate integrals overΓi it is convenient to use the spherical coordinatesri , θji , λji with z-axis directed alongnji :

x − xi = ri(sinθji cosλji, sinθji sinλji, cosθji)= rini .

Taking into account thatϕj does not depend onλji , we write

dij =
∫ ∫
Γi

ϕjni dΓ = b2
i

π∫
0

ϕj sinθji

( 2π∫
0

ni dλji

)
dθji = 2πb2

i nji

π∫
0

ϕj cosθji sinθji dθji .

Substituting the expression forϕj , we observe that only one term in sum (A.2) corresponding ton = 1 gives nonzero
contribution to the integral because of the orthogonality ofPn(cosθ) to P1(cosθ)= cosθ for n �= 1. Then we find

dij = −3π
b3
i
b2
j

r2
ij

nji

π∫
0

cos2 θ sinθ dθ = −2π
b3
i
b2
j

r2
ij

nji , i �= j.

Obviously,djj = 0. Similarly, we can take into account only one term in (A.1) corresponding ton = 0 in calculation of the
integral:

eij =
∫ ∫
Γi

ϕj dΓ = 2πb2
i

π∫
0

ϕj sinθ dθ = −4π
b2
i b

2
j

rij
, i �= j,

because of the orthogonality ofPn(cosθ)= cosθ andP0(cosθ)= 1. Fori = j we get

ejj = −4πb3
j .

Using the formulae obtained we can write the expression (2.12) for the kinetic energy.
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